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Abstract:

Fuzzy real options models have gained importance in investment modelling due to their practi-
cality and easiness to implement and interpret. This paper introduces the center-of-gravity pay-off
model for trapezoidal fuzzy numbers and compares it to the credibilistic and the original fuzzy pay-
off models. The models are extended to interval-valued real options models. This allows practition-
ers to use cash-flow intervals for scenario inputs. The approach will account for higher uncertainty
and imprecision than the earlier published models. The new models, as well as, the discussed earlier
models can be solved by the presented formulas. The paper discusses an illustrative application
in the context of mergers and acquisitions, M&As, where very high uncertainty is inherent in the
estimation of potential synergies, while synergies are one of the most-often announced rationale
behind corporate acquisitions. Numerical examples are presented for valuing synergy real options
available for an acquirer and the model outcomes are compared.
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1. Introduction

This paper extends the studies of Kinnunen and Georgescu (2019) and Kinnunen and Collan
(2009), which built a decision support tool for valuing revenue-enhancing and cost-reducing
synergies in mergers and acquisitions, M&As, based on real options thinking and fuzzy real
options models. The extension of this study includes allowing intervals for estimated cash-flow
scenarios. We argue that this is an important and practical extension as synergies are typically
exceptionally uncertain and difficult to value ex-ante in the screening stage of potential acqui-
sition targets.

Kinnunen and Georgescu (2019) considered three types of pay-off models: the original
fuzzy pay-off model from Collan et al. (2009), hence FPOM, their subsequent credibilistic pay-
off model (Collan et al., 2012), hence Cred-POM, and the most recent center-of-gravity fuzzy
pay-off model, hence CoG(-FPOM) of Borges et al. (2018; 2019). All the considered models are
based on (net present values, NPV, of) cash-flow scenarios, where normally three scenarios are
built, each scenario being represented by a single (crisp) NPV value. To allow higher uncer-
tainty and imprecision, we, firstly, present the CoG-FPOM in its new previously unpublished
form for a trapezoidal fuzzy number; The solutions of a trapezoidal form had been before pub-
lished for the FPOM (Collan et al., 2009), as well as, for the Cred-POM (Collan et al, 2012), and
we use them for comparison in a numerical M&A application. Luukka et al. (2019) propose
a two-way transformation from CoG to the possibilistic mean used in FPOM. More precisely,
they show how the possibilistic mean can be derived from CoG for trapezoidal and triangular
fuzzy numbers and conversely, which may allow later extensions of the models. Secondly, R
algorithms are constructed for the three types of models, and thirdly, it will be shown how
to take into account interval-values for each of the three scenarios used as inputs for the pre-
sented trapezoidal real options models. Finally, numerical illustrations show how to obtain
intervals for the real option values, ROVs, of M&A synergies. This presented way to calculate in-
terval-ROVs is more straightforward, but comparable, for example, with using interval-valued
fuzzy numbers discussed in Mezei et al. (2018).

The fuzzy real options models have been recently under scrutiny and applied to a range
of applications. The FPOM had been inspired by the probabilistic simulation-based Da-
tar-Mathews model (cf. Datar and Mathews, 2007; Mathews and Salmon, 2007; Mathews,
2009), which was developed at the Boeing corporation and applied to the valuations of aircraft
production projects. Results from FPOM has been shown to converge to the results of the Da-
tar-Mathews model (Kozlova et al., 2016). The FPOM has been earlier applied to various appli-
cation domains including also M&A context (cf. Collan and Kinnunen, 2009; 2011; Kinnunen
and Collan, 2009; Kinnunen, 2010; Kinnunen and Georgescu, 2019).

A credibilistic scenario-based portfolio model was introduced by Georgescu and Kinnu-
nen (2011) and applied to a venture capitalist’s start-up portfolio. This model later inspired
the credibilistic real options model, Cred-POM (Collan et al., 2012), which has been applied
to M&As in its triangular form (Kinnunen and Georgescu, 2019) and extended interval-valued
triangular fuzzy numbers (Kinnunen and Georgescu, 2020).

Acquiring companies have several strategic opportunities in the corporate acquisition
process. Mergers and acquisitions, M&As, and different types of joint ventures themselves are
strategic investment opportunities. Further, strategic opportunities lie within potential ac-
quisition-target companies as stand-alones. All these can be framed as real options. We will
consider the real options, which an acquiring company acquires through an acquisition, when
its strategic and financial resources, both tangible and intangible, are combined with those of
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a target company and developed during the integration process. These synergistic effects from
an M&A transaction can be modelled and valued using real options valuation methods.

During a broadly defined due diligence process an acquirer searches and evaluates poten-
tial acquisition targets, which will support the after-transaction integration of the two com-
panies (Tsao, 2008). Already at a screening stage, an acquirer can identify several synergy real
options, which will potentially arise from a deal (Kinnunen and Collan, 2009). Potential syner-
gies of some type are one of the most important rationales behind M&A deals (Bruner, 2004a;
2004b; Hitt, 2009; Dephamphilis, 2010; Sehleanu, 2015; Collan and Kinnunen, 2011)

Several authors have recently viewed synergies as real options (Bruner, 2004a; Kinnunen,
2010; Collan and Kinnunen, 2011; Loukianova et al., 2017; Kinnunen and Georgescu, 2019). The
synergies can be divided into operational and financial synergies the first ones arising through
the development of operational activities, e.g. by utilizing economies of scale, enhanced pric-
ing power or growing sales in new or existing geographical markets, and the latter ones from
combining the capital structures of the two merged companies to achieve, e.g. by increased
borrowing capacity, decreased cost of capital or tax benefits (Baldi and Trigeorgies, 2009; De-
Pamphilis, 2010; Loukinova, 2017). Loukinova et al. (2017) further point out greater purchasing
power, better capacity utilization and reduction of overlapping management as examples of
cost-reducing synergies. Collan and Kinnunen (2011) specify sources of revenue-enhancing
synergies based on cross-selling and other combined selling potential and cost-reducing
synergies in manufacturing, sourcing, R&D and general (S, G&A) costs. Growth options have
sometimes been further separated from other revenue-enhancing options (Kester, 1984; Smit
and Trigeorgis, 2006; Vishvanath, 2009; Kinnunen, 2010; Loukinova et al., 2017) Synergistic di-
vestitures or options to abandon non-core businesses or production units acquired together
with the desired parts of the target company have been also presented in the M&A context
(e.g. Alvarez, 1999; 2006; Collan and Kinnunen, 2009; 2011). Some other real options presented
in the literature in the M&A context exist. For example, related to the timing of acquisitions,
options to postpone/defer (McDonald & Siegel, 1986) a transaction (e.g. Collan and Kinnunen
20009; 2011; Loukinova et al., 2017), as well as, options to switch (Kulatilaka & Trigeorgis, 1994)
the operating processes and options to change the operating scale (Loukinova et al., 2017) may
be available for an acquiring company.

The above discussed on synergies and the related real options is not complete and various
others could be listed. To account for these and other synergy real options a simplified valuation
framework for target company valuation can be presented as: Valuetarg et =Valuegtana—aione
+ Valuesyne‘r‘gies > where the stand-alone component represents the net present value, NPV,
of a target’s cash-flows as operating without integration with an acquirer and the latter com-
ponent can further be divided into a number of synergy real options to be valued separately or
together if the potential cash-flows from them are inter-dependent. After presenting different
fuzzy real options models, the focus will be on the valuation of this synergy component in the
application part of this paper.

The rest of the paper is structured as follows. Section 2 will, firstly, present a new cen-
ter-of-gravity pay-off model in 2.1, then recall the original fuzzy pay-off model in 2.2 and its
credibilistic version in 2.3. Then, section 2.4 will extend these three types of models into in-
terval-valued models. Section 3 will present the illustrative M&A application and the paper is
concluded in section 4.
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2. Fuzzy real option models with intervals
The idea of the following fuzzy real options models is based on the Datar-Mathews method
(Datar-Mathews, 2007), which implies that the real options value, ROV, is the weighted (prob-
abilistic) average of the positive NPV outcomes, E(A,), of a pay-off distribution, A(x) (cf. Collan
etal., 2009):

ROV = Weight * Expected positive NPV

(1)

_ waA(x)dx

- ffowA(x)dx * E(A+)'

In the fuzzy real options models, the probabilistic average is replaced by the center-of-gravity
expected value, E . .,..(A,), in section 2.1, by the fuzzy mean value, E,,, (A,), in section 2.2, and
by the credibilistic mean value, E__, ,,,(A,), in section 2.3. Section 2.4 presents a further exten-
sion allowing intervals as inputs to the three types of models. Table 1 presents the modelling
framework by the pseudo algorithm for the three model types. It is noted from table 1 that we
will have five different cases for the three model types depending on the location of the NPV
distribution with respect to zero, and the weight formula will be the same for all model types,
but different in all cases, and only E(A, )s are model specific.

Pseudo Algorithm: Model structures to be presented

CoG-FPOM(a, b, &, 8) OR pordinary center-of-gravity,
function Cred-POM(a, b, &, 8) OR credibilistic or original fuzzy pay
FPOM|(a, b, a, 8) off model
return E(A) pexpected (mean) value of A
end function
CoG-FPOM(a, b, @, 8 | x >0) OR »-center-of-gravity, credibilistic
function Cred-POM(a, b, &, 8 | x >0) OR and original fuzzy pay off model
FPOM(a, b, a, 8 | x >0) disregarding negative NPV, t < 0
J,” ACodx > weighted expected value of
return 5————*E(4)) & g
I Ax)dx positive NPV of A
if 0=a-« pcasel
return E(A)
elseif a-x=0=a pcase 2
2
“athth
return — a+p «E(Ay)
b—at+——
elseif a=0<bh pcase 3
’ +% (A4)
return ———+E(A,
b—ﬂ+£%£
elseif b=0=bh+p pcase d
(b+p)*
return 723 *E(A;)
b—a+a;JG
elseif b+f=0 ®case 5
return 0

end function

Table 1: Pseudo algorithm for the three types of fuzzy real options models
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2.1. Center-of-gravity fuzzy pay-off model (CoG-FPOM)

Borges et al (2018; 2019) presented a center-of-gravity fuzzy pay-off model for a triangular
fuzzy number. We introduce next the CoG-FPOM for a trapezoidal fuzzy number A using the
membership function of the trapezoidal fuzzy number A (q, b, @, #) (Dubois and Prade, 1980;

1988):
1-£2 g-x<x<a
9
A() 1 a<x<bh
X) = —
1—% b<x<b+p (2)
0 otherwise.

The center-of-gravity real option value is obtained by (cf. Borges et al. 2018; 2019):

_ fOOOA(x)dx

ROVeo = ffoooA(x)dx

* Ecoc(A4), (3)
where the center-of-gravity expected value, E , (A,), for the positive side (x> 0) of the trapezoi-

dal fuzzy number A, replaces the E(A,) in formula (1). We need to compute the following five
cases depending on the location of origin (zero):

Case1,0<a—X:

Figure 1 depicts the case 1, where the whole net-present-value distribution is above zero. In this
case, the expected center-of-gravity value is simply the expected value of the whole distribu-

tion:
f_oooo xA(x)dx
Ecoc(A) = W
_ S xAG)dx+ I:xA(X)dX+I,f+BxA(x)dx _ B%-a?+3(aa+bB)+3(b%-a?) ()
& A dx+ [P a@dx+ [P aeax 6(b—a)+3(x+p)

Fig. 1 Case 1, “all NPV is positive”

(VR S

0 a-«a b b+8

The weight (area of the positive side divided by the positive side) must be 1in case 1, i.e.
Weight, =1.
See appendix A for weight computations.

48



NJB Vol. 69, No. 1 (Spring 2020) Fuzzy Real Options Analysis based on Interval-Valued Scenarios with a Corporate

Case2, a—x< 0 < a:
Figure 2 depicts the case 2, where part of the NPV distribution is negative, but a is on the posi-
tive side. Now, the expected value of the positive side gets the form:

fb+ﬁxA(x)dx B foaxA(x)dx + fab xA(x)dx + fbwaA(x)dx

Ecoc(Ay) = g =
e f0b+BA(x)dx foaA(X)dx+ f:A(x)dx + fbb+ﬁA(x)dx (5)
_ foax(l—%)dx+f;’xdx+f£+ﬁx(l—%)dx _ —a®+3b%oc+3bfoct fx
I )ax+[? dx+f;+ﬁ(1—%)dx T -3a%+6bx+3px

i

[ I e S ——

a-a 0 b b+ 8

Fig. 2 Case 2, “most NPV positive, but a- a negative”

The weight in case 2 becomes (cf. Appendix A):

a? B

Weightz = ;io;TLzﬁ' (6)

2

Case3,: a<0<bh:
Figure 3 shows, how in case 3, the zero lies between the interval from a to b. The center-of-grav-

ity expected value of the positive side becomes:

f0b+ﬁ xA(x)dx
Ecoc(Ay) = T b8 ., ~,
Jy, T AM)dx
o xadxt [P xawax _Jy xaxtly P x(1-2)ax  gpzianpep? =)
f;’A(x)dx+f:+BA(x)dx fob dx+f:+ﬁ(1—%)dx 6b+3p
1
1
1
I
1
I
I
1
I
:
1 >
a-a a 0 b b+ 8

Fig. 3 Case 3, “negative a, positive b”
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The weight in case 3 is (cf. Appendix A):
Case4,b<0<b+p:
B
b+E
. _ 8
Weight; = b—fHB- (8)

—a+=

Figure 4 shows the case 4, where the NPV distribution is mostly negative, but b+ is still posi-
tive. Now, the CoG-expected value is:

P xawax L1 )ax _pp

ECoG (A+) =

fb+‘BA(x)dx - (1—T)dx 37

W e e e e - o

Ry

a-a b 0 b+

Fig. 4 Case 4, “most NPV negative, but b+ positive”

(b+p)?
Weight, = z—ﬁcHB. (10)
b—-a

The weight in case 4 takes the form (cf. Appendix A):

Cases,b+p<o:

In case 5, the whole distribution is negative as seen in Figure 5. In this case E.,; (A,) = o..
Also (cf. Appendix A), Weight,= o

[T T T

a-a b b+80

Fig. 5 Case 5, “all NPV is negative”
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The R algorithm solving all the above cases is shown in Figure 6.

# CoG-POM:
ROVcogCalculator <- function(a,b,alpha,beta){
if((a-alpha)»0){

ROVcog <- ((beta**2-alpha**2)+3*(a*alpha+b*beta)+3*(b**2-a**2))
/(6*(b-a)+3*(alphat+beta))}

else if(((a-alpha)<0)&(a>0)&((b)>0)){

ROVcog <- (((-a**3)+3*(b**2)*alpha+3*b*beta*alpha+alpha
*(beta**2))/(-3*a**2+6*b*alpha+3*beta*alpha))
*((((-a**2)/(2*alpha))+b+beta/2)/(b-a+((alpha+beta)/2)))}

else if((a<@)&((b)>0)){

ROVcog <- ((3*b**2+3*b*beta+beta**2)/(6*b+3*beta))
*((b+beta/2)/(b-a+((alpha+beta)/2)))}

else if((a<0)&((b)<0)&(b+beta)>0){

ROVcog <- ((b+beta)/3)
*((((b+beta)**2)/(2*beta))/(b-a+((alpha+beta)/2)))}

else if((b+beta)<0){

ROVcog <- 0}

print (ROVcog)}

Fig. 6 R algorithm for CoG-FPOM

2.2 Fuzzy pay-o ff model (FPOM)
The original fuzzy pay-off model (Collan et al. 2009) introduced the FPOM formula:

I 0°° A(x)dx

ROVipom = 1% A(x)dx

* Eppom (A4), (11)

where the possibilistic expected value, E,,,(A,), for the positive side (x > 0) of the trapezoidal
fuzzy number A, is to replace the expected value (cf. formulas (1) and (3)).

We again need to compute the five cases depending on the location of origin. The possi-
bilistic expected values of the fuzzy pay-off model, FPOM based on Zadeh’s possibility theory
(Zadeh, 1965; 1978) and the fuzzy means of Carlsson and Fullér (2001) are calculated for the
same five cases, similarly as with the CoG-FPOM, as follow from Collan et al. (2009).

Case 1,0 < a—x:

b —_
Erpom(A+) = Erpou(4) = Zb B (12)

2 6

Case 2, a—x< 0 < a:
a+b | B-a , (x—a)3 (13)

Eppom(41) = - tw t ==
Case3,a<0<bh:
b
Eppom(4+) =3+ %- (14)
Case4,b <0< b+f:
(b+p)3
EFPOM(A+) = %- ( )
15

Case 5,b+f <0:
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In this trivial case, the E,,, (A+) = 0, 5, similarly, as with the CoG-FPOM.

The R algorithm solving FPOM cases is shown in Figure 7.

# FPOM:
ROVfpomCalculator <- function(a,b,alpha,beta){
if((a-alpha)>0){

ROVFpom<- ((a+b)/2)+((beta-alpha)/6)}

else if(((a-alpha)<0)&(a>0)&((b)>0)){

ROVfpom <- (((a+b)/2)+((beta-alpha)/6)+((alpha-a)**3
/(6*alpha**2)))
*((((-a**2)/(2*alpha))+b+beta/2)/(b-a+((alpha+beta)/2)))}

else if((a<@)&((b)»>0)){

ROVfpom <- ((b/2)+(beta/6))
*((b+beta/2)/(b-a+((alpha+beta)/2)))}

else if((a<0)&((b)<0)&(b+beta)>0){

ROVfpom <- ((b+beta)**3/(6*beta**2))
*((((b+beta)**2)/(2*beta))/(b-a+((alpha+beta)/2)))}

else if((b+beta)<0){

ROVfpom <- @}

print (ROVfpom)}

Fig. 7 R algorithm for FPOM

2.3 Credibilistic pay-off model (Cred-POM)

The credibilistic version of the fuzzy pay-off model has the following formula for the real op-
tion value (Collan et al. 2012):

_ f;o A(x)dx
I AGdx

(16)

ROVCred * ECred(A+):

where the credibilistic expected value, E, ,(A,), for the positive side (x > 0) of the trapezoidal
fuzzy number A, enters the formula (cf. formulas (3) and (11)).

The credibilistic pay-off model is built on the credibility theory of Liu (2004) and the cred-
ibilistic expected values of Liu and Liu (2002).

The credibilistic expected values, E., (A+)s, of the pay-off model are again presented for
the same five cases as with the above models. Now, following from Collan et al. (2012).

Case 1,0 < a—x:

ECred (A+) = ECred (A) = asz + ¥' (17)
Case 2, a—x< 0 < a:
b a? B
Ecrea(Ay) =S+ -+ (18)
Case3,a<0<bh:
_b_ B
ECTEd(A+) - 2 + 4' (19‘
Case4,b<0<b+f:
b b2 B
Ecrea(Ay) =5+ PR (20)

Case 5, b+ [ < 0:
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In this trivial case, the E,, (A+) = 0, similarly, as with the above other two models.
The R algorithm solving Cred-POM cases is shown in Figure 8.

# Cred-FPOM:
ROVcredpomCalculator <- function(a,b,alpha,beta){
if((a-alpha)»>0){
ROVcredpom <- ((a+b)/2)+((beta-alpha)/4)}
else if(((a-alpha)<0)&(a>0)&((b)»>0)){
ROVcredpom <- ((b/2)+((a**2)/(4*alpha))+(beta/4))
*((((-a**2)/(2*alpha))+b+beta/2)/(b-a+((alpha+beta)/2)))}
else if((a<@)&((b)>0)){
ROVcredpom <- ((b/2)+(beta/4))
*((b+beta/2)/(b-a+((alpha+beta)/2)))}
else if((a<0@)&((b)<0)&(b+beta)>0){
ROVcredpom <- ((b/2)+((b**2)/(4*beta))+(beta/4))
*((((b+beta)**2)/(2*beta))/(b-a+((alpha+beta)/2)))}
else if((b+beta)<0){
ROVcredpom <- @}
print (ROVcredpom)}

Fig. 8 R algorithm for Cred-POM

2.4 Interval-valued pay-off models (IV-POMs)

The above-presented models can further be extended to account for intervals in the tails of
a trapezoidal distribution as seen in Figure 9. The lower tail ranges from a —«; to a —; to
and upper tail ranges from to b + 3, to b + 8, This accounts for higher imprecision and uncer-
tainty than earlier models with highly practical use as shown in the next section with a corpo-
rate investment application. Interval-valued real options models have not been presented for
trapezoidal distributions to the best of authors’ knowledge. We present a straightforward way
to obtain a single-valued (crisp) real option value, ROV, in a trapezoidal setting.

The interval-valued fuzzy sets introduced by Zadeh (1975) are generalizations of real-val-
ued intervals. By definition, an interval-valued fuzzy set is a function defined on a set X whose
values are closed intervals from [0, 1]. So, for each x € X one associates an interval A(x) = [A* (x),
AY(x)] included in [0, 1].

Al: X—[o,1] and AV : X—[o,1] will be fuzzy sets, called lower fuzzy set and upper fuzzy set of
A. We notice that A* (x) <AV (x), for eachxe X.

A particular case occurs, when A" and AV are fuzzy numbers. Then A will be called inter-
val-valued fuzzy number, IVEN.

Several notions and properties can be extended from fuzzy numbers to interval-valued
fuzzy numbers. So, the expected value of a fuzzy number, introduced by Carlsson and Fuller
(2001), will be extended naturally.

The expected value of an IVEN A is defined by E,,(4) = % [(E(AU) + E(AL )], where E (AY)
and E (A") are the expected values of the fuzzy numbers AV and A, respectively. Similarly, the
expected value of the positive part of an IVEN A is defined as:

Env(A,) =L [(E@Y + E@AL)]. (21)
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1
1
1
1
1
|
1
1
1
|
1
1
!
a

b b+ 6, b+ 6,
Fig. 9 Distribution tails as intervals

Mezei et al (2018) computed the interval-valued ROV (IV-ROV) using their possibilistic pay-off
model for triangular fuzzy numbers. We extend their model to trapezoidal forms and pres-
ent them to all three considered types: CoG-FPOM, Cred-POM, and FPOM. In general form, the
model can be formulated as in Mezei et al. (2018):

IV-ROV = Weight x Average of expected positive NPV
_ @Y @+at())dx
T @VralGoyax Ew(4,),

(22)

where A is the interval-valued fuzzy NPV and E,, (A,) represents the mean of the positive side
NPV defined in formula (21). The denominator fj:o 0.5(AY(x) + AL(x))dx computes the aver-
age total area below the membership function of upper, AY, and the lower, A%, fuzzy numbers,
while the numerator computes the corresponding average area of the positive side of A.

We present the weights for different cases. The computations for weights are presented
in Appendix A. It should be noted that we have now seven cases instead of the earlier five;
now cases 2 and 6 are of a new type representing cases, where zero is within the interval of
the lower tail, a —o¢; < 0 < a —;, or within the interval of the upper tail, b + 8, <0< b + f4,
respectively. Cases 1 and 7 (corresponding to cases 1-5 in earlier sections) again are trivial with

weights 1 and o, respectively.
Case 1,0 < a—:

Weight, = 1.
(23)
Case2,a —x,< 0 < a—o,:
—a?  4b-2a+x+81+B2
. __20¢q 2
Wﬂghtz*Zb__2a+o<1+o<z+ﬁl+52 - (24)
2
Case 3, a —x,< 0 < a:
st G5)
We".ght3 = o1 +; +[§ +B2 .
2b—2a+- 17720 HTE2
<0<bh:
Case4,a<0<bh: , (26)
) 2b+ 1*2'l>’z
Weight, = PP e Ly TEY 2%
2
Case 5, b <0< b+,
BitB2 b2r1 1 2
Bt oy ( Lo L) (27)

Weights =

2b_2a+°<1+°<2*2'ﬁ1+32 .
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Case 6,b+ B, <0< Db+ f;: (28)
Wei B %+b+%
eights = m.
(28)

Case7,b+p, <0:

Weight; = 0. (29) (20)

To obtain the real options value, IV-ROV, the weight from formulas (23)-(29) is multiplied by
the average of the positive NPV, E,, (A,), which was computed as the arithmetic mean of the
upper, , and the lower, , by equation (18). We utilize the earlier models and present the general
formula highlighting the parameters of AY and A% :

Ey(4)) = % [E[AZ(a, b, ¢y, B)] + E[A% (a, b, 5, ,32)]], (30)

where the two averaged fuzzy numbers are determined by their center interval, a-b, and tail
parameters o,, «2, A, 3,. The E,, (A,) will obtain different values for possibilistic, credibilistic,
and center-of-gravity pay-off models.

The computation for all cases (1-7) and the three types of models considered in this paper
is straightforward by using the given weights of section 2.4 and using the given case-wise for-
mulas of E (A,)s of sections 2.1-2.3 to compute the arithmetic mean of the upper fuzzy number
determined by «, and 8, and the lower fuzzy number «, and g, as shown in equation (30). Mul-
tiplying the model-specific E;, (A,)s from equation (30) by weights (equations 23-29), we obtain
interval-valued real option valuation formulas for the three model types:

IV-ROVoq = Weightcgse * IV-Ecoc(Ay) = Weight g,

(31)
* 2 [EcoclAY (@, b, oy, )] + Ecog[4% (@, b, o3, B,)]]
Il/l'ROVCred = Weightcqse * IV-Erea(Ay) = Weight g, (32)
*3 [EcrealAY(a, b, o1, f1)] + EcrealAt (a, b, 3, B2)]]
IV-ROVppoy = Weightcgse * IV-Eppoy (A4) = Weightcgse
1
*3 [Erpom[AY (a, b, 1, B)] + EppoulA% (a, b, 3, £2)]] (33)

Analytical interval-valued ROV formulas can be presented by straightforward step-by-step
computations. We consider formula (31), i.e. the center-of-gravity real option value IV - ROV
The first part of (31) is the weight. This will be determined by the location of the expected NPV
distribution. The appropriate weight is simply picked up from formulas (23)-(29).

The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers
AY(a,b,xy,B;) and A% (a,b,x,, ;). The upper fuzzy number, A", is determined specifically by
parameters «, and ,, in addition to the support a-b. From figure g, it is seen that the NPV dis-
tribution ranging from a -, to b - B, (representing A") has wider:tails on both on the downside
and the upside than the other distribution, which ranges from a -, to b - 8, (representing A").
Thus, the upper number is always above (or the same;) as the lower number. Thus, when the NPV
is not fully positive (case 1), then the AV with wider tails will be the first one to be truncated for
the calculation of the expected NPV pay-offs E¢,;(4Y) and E¢,¢(4%), which needs to be aver-
aged. The IV-ROV formulas are obtained accordingly for the credibilistic (32) and possibilistic
models (33).
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Case1,0<a-«;:
According to equation (23), the weight is one and the ROV formula is determined only

by and and they are both fully positive. Thus, both ones are represented by case 1 formula
. B%-a?+3(aa+bp)+3(b2-a?)

(4): Ecog(A4 ) = 6(b—-a)+3(ect )

must replace « and B in formula (4). The expected NPV of the upper number becomes

B2 -a;2+3(aa;+bB)+3(b%2—-a?) g - r :
Ecoc(AY) == alﬁ(b—‘;‘;ig’ V+3(b-a )‘Slmllarly, as the Al is determined by «, and f,, the lower

g+ 22 2 2
fuzzy number’s expected(Nll"[}%ecomes Egop(AY) = Ll s A ccordingly, for the cred-

6(b-a)+3(ay+8,)

ibilistic (34) and possibilistic (36) models. The ROV formulas become:

. A%was determined by parameters o« and §, and they

1[B% — a2 + 3(aay + bB;) + 3(b? —a?) (34
* E[ 6(b — a) + 3(a; + B
B, — ay? + 3(aa, + bp,) + 3(b? — az)]

6(b—a)+3(a, + ;)

from Eq. (23) Eq. (4) & (4)
1 1fa+b pBi—a a+b ﬁz—az] (35)
) [( 2 T ) TC )
from Eq. (23) Eq. (17) & (17)
1 1fa+b pBi—o a+b [{z—az] (36)
* 2[ 2 T )Tt
from Eq. (23) Eq. (12) & (12)

Case 2, a-x,<0 <a -X,::
Formula (24) gives the needed weight. Now, AV will have partly negative tail (a -«,< 0), but is
fully positive (o < a -, ). Thus, A is represented by formula (4) for the center-of-gravity model,
just like above in case 1, its expected NPV is ; Ecoc(43) = AUis represented by formula (5) and
—a3+3b%e; +3b <1+ 2

substituting «, and f, into it gives us o <. Accordingly, for the credibilistic (38)
and possibilistic models (39). Multiplying by the weight the average expected positive side re-

turns gives the ROVs:
—a? | 4b—2a +,+ By + B, o L [—a3+3b20<1+3b[)’10(1+l}‘12°(1 n 37
2 4 + 2 2 —3a2+6box;+3f1 %y
2 2 2_,2
o +oc,+ ¥ B2%—x;2+3(axy+bB2)+3(b2—a?)
2b = 2a + L —2F—F2 231 b 6(b—a)+3(x2+B3)
from Eq. (24) Eq. (5) & (4)
—a?  Ab—2a 40+ B+ fox 1Dy a8 P ath ) fomea) (38)
2%, ) 2'2 Tax, a2 4
2b—2a+ °<1+°<2'531 + B
from Eq. (24) Eq. (18) & (17)
—a? n 4b —2a +o,+ B+ Fox L [ﬂ + B1—x1 + (“1‘?3 + a+b + 52—“2] 39)
2, 2 2l 2 6 60t 2 6
2b—2a+ °<1+°<2‘;B1 + B,
from Eq. (24) Eq. (13) & (12)

Case 3, a-x,<0<a:

Equation (25) gives the weight. Both fuzzy numbers AVand A" have part of their tail negative. So,
they are both represented by formula (5) (like A above in case 2) for the center-of-gravity model.
Accordingly, for the credibilistic (41) and possibilistic (42) models. Substituting o, and s, for AV
o, and B, for A", gives the ROV formulas:

2b+u_a_2(i L) 1 —a® +3b? o+ 3bB; oy + By* (40)
2 2\ %)% —3aZ + 6b o, + 38, %,
2b—2a+ %M + —a® + 3b? o, 4 3bB, o+ B,° o,
—3a% + 6b x,+ 3f, x,
from Eq. (25) Eq. (5) & (5)

]
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Bitp, a*(1 1
2b+= 2(«1*'0(2

X3 +X+ B + B,
2

2b — 2a+
from Eq. (25)
BitBy a1 1
b+ 2 (o<1 + ocz)
°<1+°<2‘;ﬁ1 + B,

2b —2a+
from Eq. (25)

Case4,a<0<bh:

Fuzzy Real Options Analysis based on Interval-Valued Scenarios with a Corporate

)* 3 +—+ Ll L +‘f: (@1
Eq. (18) & (18)
la+b pB;—% (x;—a)® a+b (42)
L I 6c><1 2
ﬂz (o — 0)3]
6 6 «,?

Eq. (13) & (13)

Equation (26) gives the weight. Both fuzzy numbers are represented by formula (7) for the
center-of-gravity model and, accordingly, for the credibilistic (44) and possibilistic (45) mod-
els. After substituting o, and 8, for AV «, and f, for A", the ROV formulas are obtained:

op 4 PLtBe 1[3b2 + 3bpB,; + B;° (43)
2 "2 eb+3p
1
2b-2a+70<1+0(2-;ﬁ1+ﬁz 3b2+3bﬂz+ﬁzz
6b + 30,
from Eq. (26) E(/ (7) & (7)
+ 44
2b+ﬁ12ﬁ2 [( +_)+(_+ﬁz)] (44)
2b —2a + °(1+°<2‘;[31 + .32
from Eq. (26) Eq. (19) & (19)
Bit B b B, b B (45)
+B P LG G
2b — 2a + °<1+°C2';ﬁ1 + 6>

from Eq. (26) Eq. (14) & (14)

Case5,b<o<b+p,:

Equation (27) gives the weight. Both fuzzy numbers are represented by formula (9) for the
center-of-gravity model. Accordingly, for the credibilistic (47) and possibilistic models (48).
The ROV formulas become:

Bl"‘ﬁz bz( 1) 1b+pB b+p (46)
+2b+ BtE) 23 3 |
220+ TG T s
from Eq. (27) Eq. (9) & (9)
Bt B2 b* ( 1 ) 1b b1 ﬂz 47
+2b+(p+
- ) 3b ittt
2b —2a + %ﬁl“‘ﬁz
from Eq. (27) Eq. (20) & (20)
1 (b+p)°  (b+p)° (48)

B+ B b? 1
PP t2b+ o (ﬁ +E) -
+°(1+°(2+/’)1+,32

2

|

6p,° 6B,°

2b—2

from Eq. (27) Eq. (15) & (15)

Case6,b+p,<0<b+p:

Equation (28) gives the weight. AU has a partly positive tail (o < b+ ,) and A’is fully negative.
The upper fuzzy number is represented by formula (9) (like above in case 5) for the center-of-
gravity model; the lower fuzzy number’s expected NPV is 0. Accordingly, for the credibilistic
(50) and possibilistic (51) models. The obtained ROV formulas are:
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By b l[b +f”1] “49)
) +b+ 25, * 2 3
2bh — 2a + °(1+°Cz‘;[;1 + B
from Eq. (28) Eq. (9)
B b? 1b b* B (50)
Elyb+on R
2 2p *2latag e
2b — 2a + °(1+°<2'531 + B
from Eq. (28) , Eq. (203)
G+begp RS CRb 51
L 2" 6p°
2bh —2a + °(1+°<2'531 + B
from Eq. (28) Eq. (15)

Case7,b+p,<o0:
Both fuzzy numbers are fully on the negative side. Thus, ROV= o for the three models.

The ROV formulas were obtained for the center-of-gravity, credibilistic and possibilistic
cases. The weights were the same for all three models in each case, but the utilized NPV for-
mulas were different for each model. Appendix B summarizes the ROV formulas for all the pre-
sented interval-valued models.

Next, the presented models are applied to potential synergies available for an acquiring
company.

3. M&A synergy application

Typically, M&A synergies can arise from either sales-increasing or cost-reducing cash-flow ef-
fects. Table 2 presents discounted (NPV) synergies estimated ex ante to be cumulated for years
1-5. There are several ways to estimate synergy cash flows, but we have used the stepwise proce-
dure presented in Kinnunen and Georgescu (2019). Here, only the estimated intervals of cash
flows are considered.

Table 2: Sales and cost synergy cash-flow intervals

SALES SYNERGIES (USD "000)

Year 1 2 3 4 5

174 - 357 - 531 709 — 914 —
Good case 192 394 587 783 1011
Base case 49— 98— 42— 186 — 235

54 108 157 205 260
Bad case 68 — 32— 188 — 241 - 298 —

61 120 170 218 270
COST SYNERGIES (USD ’000)

153 — 314 467 - 624 — 805 —
Good case 169 347 517 689 889

17 - 234 — 341 446 — 564 —
Base case 129 259 377 493 624

85— 165 — 235 301 - 373 -
Bad case 94 182 260 333 412

The year 5 cumulated cash flows are what are used as inputs for the real options models. Figure
9 (not on scale) describes how the sales synergy cash-flow scenarios from Table 1 can be used to
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form a trapezoidal distribution: The good case scenario interval of USD 914-1011 (thousands)
is the estimated optimistic range, 914 corresponding to b+, and 1011 to b+, of the trapezoidal
distribution.

[ [

a-0,=-298 a-a,=-270 a=-235 0O =260 b+68,=914  b+6,=1011
) )
B ’ T —T
Bad case Base case Good case

Fig. 10 Sales synergy scenarios as the trapezoidal distribution

The base case range of USD -235-260 (thousands) represents the support from a to b, and the
pessimistic bad case interval of USD -298 - -270 corresponds to range from a-o, to a-a, of the
trapezoidal distribution.

Figures 6,7 and 8 presented the R algorithms for the real options models. We calculate the
minimum and m aximum values of the intervals by keeping the support from a to b unchanged
and using min(a-a) and min(b+p) for the minimum and max(a-a) and max(b+g) for the max-
imum of the intervals. Thus, for the minimum of the ROV interval, we use parameters a, b, a =
max(a, a,), and p = min(f, f,), and for the maximum of the interval, the same a and b, but a =
min(a, ), and g =max(f3, $,), and call the real options functions: ROVcogCalculator(a, b, g, £),
ROVcredpomCalculator(a, b, a, ), and ROVfpomCalculator(a, b, a, ) to obtain the real options
values.

The center-of-gravity interval-valued real option value IV - ROV, is obtained using formu-
las (34) and (43) for cost and sales synergies, respectively The formulas for IV - ROV, and IV
- ROV are (35) and (36) for cost synergies and (44) and (45) for sales synergies, respectively.
The interval-valued models give single crisp value ROVs, which lie within the minimum and
maximum ROV ranges.

In this situation of case 3, a < 0 < b, we obtain the following intervals for the real option
values, ROVs, of sales synergies:

CoG-FPOM: USD 222.737-USD 253.863
Cred-POM: USD 201.857-USD 227.399
FPOM: USD 164.374 - USD 182.611.

By accounting for the mean of the interval-valued real options (corresponding case 4 of inter-
val-pay-off models), we obtain the following interval-valued IV-ROVs, of sales synergies:

IV-CoG-FPOM: USD 238.178

IV-Cred-POM: USD 214.543

IV-FPOM: USD 173.448

Similarly, the ROVs for the cost synergies seen on the bottom part of Table 1 corresponding
to the case 1:

CoG-FPOM: USD 590.870 - USD 629.562
Cred-POM: USD 591.500 - USD 622.250

59



NJB Vol. 69, No. 1 (Spring 2020) Jani Kinnunen and Irina Georgescu

FPOM: USD 592.333 - USD 612.833

Again, we can further compute the means of the interval-valued IV-ROVs, of cost synergies:
IV-CoG-FPOM: USD 610.216
IV-Cred-POM: USD 606.875
IV-FPOM: USD 602.583

We notice that the sales synergy ROVs of case 3 are ordered: CoG-FPOM > Cred-POM > FPOM in
all cases and for both lower and upper bound of the ROVs and there is about USD 60-70 thou-
sand difference between the most pessimistic and the most optimistic ROVs of CoG-FPOM and
the original fuzzy pay-off model, FPOM, while Cred-POM gives values in between. This implies
that the use of CoG-POM can lead to accepting corporate acquisitions, if synergy expectations
are critical, easier than the use of the other two methods. Similar ordering is seen for the opti-
mistic scenarios of ROVs of the cost synergies, but with the most pessimistic scenarios the order
is reversed; however, the differences are very small in the cost synergy case, where all estimated
scenarios were positive.

4. Conclusions

This paper, firstly, introduced a trapezoidal version of the recently published center-of-gravity
fuzzy pay-off model, CoG-FPOM, for real option valuation. Secondly, the original fuzzy pay-off
model, FPOM, and its credibilistic version, Cred-POM, were recalled. Thirdly, R code was pro-
vided for the first time for trapezoidal forms of the CoG-FPOM, FPOM, as well as, Cred-POM.
Fourthly, interval-valued versions for the three types of models were built allowing using in-
tervals also for the distribution tails to account for even higher uncertainty and imprecision
faced by an investment analyst. Analytical solutions for all presented formulas were provided
(Appendix B). This will allow investment practitioners and academics alike quick and easy ap-
plications of the models using spreadsheets or free open-source R software.

The introduced interval-valued fuzzy pay-off models, IV-POMs, for trapezoidal numbers are
the most general forms of the fuzzy pay-off models considered in this paper. There are pub-
lished versions at least of the original FPOM (Collan et al, 2009), which allow various and even
simulation-based distributions, but when considering only triangular and trapezoidal distri-
butions, we can note: The presented IV-POMs have as special cases the model of Borges et al.
(2018; 2019) (cf. Equation 31), the original pay-off model of Collan et al. (2009) (cf. Equation
33), the credibilistic pay-off model of Collan et al. (2012) (cf. Equation 32), as well as, the inter-
val-valued pay-off model of Mezei et al. (2018) for triangular fuzzy numbers (cf. Equation 33).

The models were demonstrated to be applicable to M&A synergy evaluation showing CoG-
FPOM valuing synergy real options higher than the other two models in the optimistic case.
The credibilistic model seemed the most stable of the three types. A further analysis over all
(5-7) cases, is suggested to reveal more of the empirical properties of the presented models in
different application domains, while this paper considered only two cases in the M&A context.
The future plans of the authors include integrating the discussed models to a prototype deci-
sion support tool for evaluating M&A synergies and allowing simulations of the underlying
variables to obtain the NPV pay-off distributions.
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APPENDIX A. Weight computations

A. Weights for trapezoidal fuzzy number
For A(a, b, %, B), we have:
1-— % a—x<x<a

( ) 1 as<x<bh
Alx) = -
1- % b<x<b+p
0 otherwise.
. f;oA(x)dx
We compute the weight —fff,oA(x)dx'
(I) The denominator, the total area below the fuzzy number, becomes:
) 2b—-2a+x+f
Lienom = f_ooA(x)dx = +’ (A1)
)

and it will be the same in all cases 1-5.
(IT) The numerator, the area under the positive side of the fuzzy number, f 000 A(x)dx, will be
different for each case 1-5.

We compute Iyym = [ 000 AY (x)dx for each case 1-5:
Case 1,0 < a—o:

2b-2a+x+f (A2)
Lyum = - 5
)
and dividing by I;0n0m, the weight becomes:
b—a+locsl A3
Weight, = —22%%F _ 4 (A3)
b-a+zu+7
)
Case 2, a—x< 0 < a:
a a-x b b+pB x-b
Inum:fo [I—T]dx+fa 1dx+fb [I—T]dx
= (*f1 242 b b+f[{ _x, b
=) [1 o(-|2-M]dx+x|a+fb [12 ﬁ+ﬂ]dx
bx. b+
=x =T+t G-+ -+ (A4)
Ay _p_ B2 b _
=a o(+2°(+b a+b+f-b 28 +ﬁ(b+ﬁ b)
2
=L 4p4t
2 2
)
and dividing by Ij0n0m, the weight becomes:
a? B a? B
. _ petbts bt (As)
Weight, = batieils T poarTiE
2 2 2
)
Case3,a <0< b:
b b+p —-b 2 bxyb
Lyum = [, 1dx + [1—"7 dx=x|g+(x—;—ﬁ+?x)|b+ﬁ (A6)

(b+B)%-b

—b+ Cib by=b+E
=b+p-——+ (b+B-b)=b+7

and dividing by lj0n0m, the weight becomes:
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ights = -t = (A7)
Weights b—a+%oc+%ﬁ h—a+2E
2
Case4, b <0<b+p:
— (DB _X2b] gy = (5 — X2 4 DXy DHB
b =107 15 e = G554 (A8)
— _ B | b+B) _ B b2
=b+p— T =St b+
and dividing by I;.n0m, the weight becomes:
B, b? B2 2bB b2 (b+B)?
Weight, = 205 _ 25 apap _ g (A9)
! b_a+%“+%ﬁ b"”%ﬁ b—a+%ﬁ
Case 5, b+ <0: (A10)
lyum =0
Thus, Weights = 0 (A11)

B. Weights for interval-valued trapezoidal fuzzy numbers
For AY(a, b, x4, B;), we have:

1—0(— a—o<1<x<a
1 a<x<bh
AU(x):< x—b
1-22 p<x<h+p

otherwise.

For AX(a, b, %,, B,), we have:
(1-F a-x,<x<a

X2
L 1 a<x<bh
A (x) = x—b
1-— b<x<Db+p,
L 0 ’ otherwise.
Jo2 (AU )+ AL (x))dx

We compute the weight now for 7 cases.

152, (AV () +AL () ax

(I) The denominator, the total area below the fuzzy number, becomes (cf. Eq. (A1)):
Liy-denom = fjooo AY(x)dx + ffooo At (x)dx

_ 2b—2a+x1+B1 |, 2b-2a+x,+f, =2b—2a+ o1+ o+ B4 6>

— . (A12)
2

and it will be the same in all cases 1-7.

(I) The numerator, the area under the positive side of the fuzzy number, | 000 AY(x)dx +
) 000 AL (x)dx, will be different for each case 1-7.

We compute I;_jy-qum = fooo AV (x)dx and I,_1y.um = fow AL (x)dx for each case 1-7:

Casel,0<a—x; (and 0 < a —x;):
For AY, «; and f3;, and for A%, «, and f3,, are plugged into Equation (A2):

2b—-2a+o; + o1+

L yonum = a2 th b—a+ —12ﬁ1 , (A13)
2b-2

Lyanum = a:“2+'82 = b—a+ —OCZZBZ (A14)
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Summing up Eq. (A13) and (A14), i.e. Iiy.num = l-vnum + Io-jvonum and dividing by Iienom
from Eq. (A12), the weight becomes:
_ (b—a+°(1;rﬁl) (b a+°(2+ﬁz)
X1+ Xa+B1+B>
2

Weight, = —Vmun

I1v-denom 2b—-2a+

X1+ x2+B1+B2
B =1 (A15)

2b—-2a+

N 2b-2a+
c)
Case2, a —x;<0 < a—x:
For AY, «; and B, are plugged into Eq. (A4) and for A%, o, and B,, are plugged into Eq.
(A2):

X1+ %2+B1+B2
2

2
Il-IV—num = — £ +b+ &, and (AIG)
20y 2
2b—-2a+x;,+p o+ 3
L vnum = # = b—a+ % (A17)

)
Summing up Eq. (A16) and (A17) to get I;y.num and dividing by Ijenom from Eq. (A12), the
weight becomes:

(——+b+B1) (b—a:“zzﬁz) B ( a? :Zb:B1)+(2b_2a:°c2+Bz)

, 201 201 2 | 2 2 2
Weight, = 2bh—2q+X1t X2+B1+B2 - 2bh—2q+ X1t X2+B11B2
2 2
2
a®  4b-2a+B1+x3+f>2
20¢y 2 (A18)
2bh—2a+51% “z:ﬁﬁﬁz

Case 3, a —«,< 0 < a:
For AY, &, and 3;, and for A, , and f3,, are plugged into Eq. (A4):

__ br A
L yonum = T2 +b+ > and (A19)

a? B2
[2-1V-num == E +b+ o (A20)

Summing up Eq. (A19) and (A20) to get I;y_num and dividing by lzepn0m from Eq. (A12), the
weight becomes:
——+b+&)+(— +b+ﬁ2) 2b+‘@1+‘6 az( E 1)

20¢; 2 \ocg ey
X1+ x2+B1+B2 X1+ %2+B1+B2"
2 2

Weight; = ( (A21)

2b-2a+ 2b-2a+

Case4,a <0< b:
For AY, &, and B, are plugged into and for AL, &, and S, are plugged into Eq. (A6):

Liynum = b + % and (A22)

B
Lyoum = b+ 72 (A23)

Summing up Eq. (A22) and (A23) to get I;y.pum and dividing by I enom from Eq. (A12), the
weight becomes:

(b+%)+(b+‘62—2) _ 2b+ﬁ1+ﬁ2 (A24)
2bh—2a+%1F “2;rﬁl+ﬁ2 T op_pqeXat L’<2;l?1+ﬁ2

Weight, =

Case5,b<0<b+f,(and0<b+p):
For AU, o¢; and f3;, are plugged into and for A%, «, and B,, are plugged into Eq. (A8):
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B b?

Il-IV—num = 71 + b + ZBI, and (AZS)
B b?

L. vnum = 72 +b+ 28, (A26)

Summing up Eq. (A25) and (A26) to get I;y.,um and dividing by Ijenem from Eq. (A12), the
weight becomes:
(%+b+%)+(ﬁz—2+b+%) B B1tB2op+ ”—Zz(ﬁil+;—2)

X1+ x2+B1+B2
2

Weights =

2b—-2a+

2b—2a+ °<1+°<22-31+Bz

(A27)

Case 6, b+, < 0 (but b+, = 0):
For AY, o, and B;, are plugged into Eq. (A8) and for AL, «, and ,, are plugged into Eq.
(A10):
_hB L A28
L vonum = > +b+ R and (A28)
IZ—IV—num =0. (AZQ)
Summing up Eq. (A28) and (A29) to get I;y.num and dividing by Ijenom from Eq. (A12), the
weight becomes:
ﬁ b+£
Weight, = 2 __2h (A30)

2bh—2a+51% “z;rﬁﬁﬁz'

Case 7, b+p; < 0 (and b+, < 0):
For AY, o; and f3;, and for A%, «, and f3,, are plugged into Eq. (A10):

L jynum = 0, and (A31)

L. vnum = 0. (A32)
Summing up zeros to get Iy um and dividing by lzenom from Eq. (A12), the weight
becomes: (A33)
Weight, =0
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APPENDIX B. Formulas for interval-valued real option values®

CoG-FPOM Cred-POM FPOM
Weight qse=(1,..7) Weight asee(s,...7) Weight asees,...7)
1
* > [EcoclAY(a, b, ;. B)] * > [EcrealA(a, b, <, B)] * 2 [Erpom[AY(a, b, o1, )]
+Ecog[AL (a, b, 5, B5)]] +EcreqlAk (@, b, 5, B)]] +Egpoul A4 (a, b, 5, B)]]
Eq. (31) Eq. (32) Eq. (33)
= l[ﬁlz—a12+3(aal+bﬁ1)+3(b2—a2) }[(a+b+ﬁ1—a1) }[(a+b+ﬁ1—a1)
T | N E ey 2 4 2 o
(]
§ \7 +/)’Zz—a22+3(aa2+b/§’z)+3(bzfaz)] a+b Br—a a+b ﬁz @
g 6(b—a) +3(a, + B) | +( 2 +T)] +( 2 6 )]
-t 4b—2a4G+ B + 5, L2040 B+ B,
S 20 2 —a? pAb =204+ B+ B 2«1 2
i 2b— 20+ 2FT Bt E 2% N — 2b— 20 1 St By T By
Y 2b — 2a + %ﬁlﬂz 2
39 e | e | S
8 1 171 *_[_+_+ 1+ 2 z] 21 2 6 60¢;
] 622—oczz+3(ax2+b62)+3(b2—a2)] 22 ' 40 4 ath Br«z]
® 6(b—a)+3(cc3+B,) 2 6
2 BitB, a1 1 2
2abitl @1, 1) 2P (e re) | g Bl (1,1
z o+, + By + B 1 %2
s — ittt P1 v P2
Vi 217—2a+%’81+52 2b—2a+ 2 Zb—Za+M
o o 2
a2 v 3,002 2 x1rb LB
© ~ *l[—a +3b2%ec; +3bf10¢; + B Poxy —[—+ — + 1 [L“’ Bi—oc;, | (x1-a)®
© 7 2 —3a2+6bo¢; +3B,0 27 40(‘ 4 212 + 6 + 6002 +
s —a3+3bzo<z+3szocz+Bzzocz] b @ B atb B2—%, 4 (e(z—a)S]
—3a2+6bot,+3 5%, E+4— —] 2 6 2
2+ Bt 2+ Bkl 20+ b1t be
S 2b— 20+ 57t Bt By b za s STt Bt 220t STGA B,
2 o 2 2
3
o \l 2 2 2 2
% LL[3b% 3B+ Bi° | 3b% +3bB, + B’ (b+ﬁl)+(2+&)] *l[(2+&)+(ﬁ+&)]
2 6b + 36, 6b+38, | 2272 2" 4 212" 6 276
B+ B2 bz(l 1) ﬁ1+ﬂ2+2b+b (1+1) ﬁ1+ﬁz+2b+ (1+1)
& 2 tMrrEtE B 'F, BB
wn : Zb_2a+°(1+°(z+ﬂ1+ﬂz 2b—2a+%ﬁl+ﬁz zb_za_‘_%m
a2 v 2
o (=]
b 3 b 3
Vi *1[b+ﬁl+b+ﬁ2] *1[ ﬁ1+ L2 +ﬁz] 1[C +.31) +( +ﬁzz)]
< 21 3 3 1B, 2 4B, 2 66, 6B,
< Biypy bt Biyyy o Buypy bt
+ 2 2P, 2 2B, 2 2B,
e W 2b - 20+ 2Tt Bt B 21:—2a+—°‘1+°‘2+231+/”Z 2b— 20+ ¥ T Bt h
5= 2
° < 1b +B1] s 1[ ﬁl] 1 [(b +ﬁ1)3]
+ 2 3 431 2 6312
~
(=]
5 4 0 0 0
o &
S+
~

When using the presented formulas either in academic or commercial use, give reference to this research paper. The
R code and/or R package including the formulas presented in the paper may be requested from the corresponding
author: jpkinnunen@gmail.com.
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