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Guest Editor’s Letter
This special issue is born of the papers presented at the joint meeting of the North-European So-
ciety for Adaptive and Intelligent systems (NSAIS) and the Finnish Real Options Society (FROS) 
organized in August 2019 in Lappeenranta, Finland. The main context of the joint meeting was 
that of discussing adaptive and intelligent systems, today better known as “analytics”, and real 
option analysis in the light of digitalization and modern manufacturing. This is a topical area 
that seems to bring together analytics and business in more than one way and seemed to also 
resonate with the participants, as many interesting and fresh contributions were presented. In 
this vein, this special issue is a collection of four selected papers from the meeting that resonate 
with the theme in different ways. 

In the first paper, Lyudmila Gadasina, Sergey Voitenko, and Pasi Luukka explore and ana-
lyze the level of digitalization in different regions of Russia. In a sense, the research belongs to 
the field of economic geography, but as it touches the issue of digitalization the main points to 
be drawn are very business-oriented that is, where the regional readiness for digitalization is 
strong, there businesses based on digitalization can thrive. Also, as most businesses today are 
digitalizing their processes and in vein with Manufacturing 4.0 also physical production pro-
cesses are being digitalized and networked, digitalization may become a point of competitive 
advantage and a pull factor for regions that are strong in this sense.

The authors use a combination of analytics methods based on statistical data – first they 
identify clusters of the Russian data that represent similar regions in terms of their digital 
“competence” and second, they classify each region to a cluster. The resulting classification 
shows that the digitalization in Russia can be characterized as “digital inequality”, as there are 
considerable large differences between regions. Regions that have been trailing have had a fast 
development in the recent years, however, large differences remain.

The second paper by Jan Stoklasa, Azzurra Morreale, Tomas Talasek, and Mikael Collan 
studies human behavior in the context of financial information affecting decision-making. 
Their work can be said to belong in the stream of literature on behavioral finance, where the 
study of cognitive biases to decision-making has received a lot of attention – however, their fo-
cus is on how different presentation formats used to present information about uncertain out-
comes affect decision-making. This focal area has received only limited attention in the past. 
The authors study how different amounts of information and different formats of information 
presentation, ranging from simple single-numbers to histograms, and further to continuous 
distributions, are used to represent the same or similar decision-making situations.

The main finding in the paper is that changing the presentation format of information 
about uncertain outcomes from presenting only a simple expected value to presenting an ex-
pected value and a range of possible values increases the decision-makers´ propensity to take 
risk while adding even more information about the nature of the risk, such as presenting histo-
grams or continuous distributions (with or without a mean value highlighted) seems to again 
reduce decision-makers´ risk-taking. This indicates that there is a “sweet spot” in terms of what 
type of presentation format for information induces the higher propensity to take risks. The au-
thors call the effect the “mean & range effect”. Further confirmatory research is presented to val-
idate the obtained results with populations from altogether three countries – what is found is 
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that the effect is manifested in roughly twenty percent of decision-makers. The twenty-percent 
of decision-makers who manifest the highlighted behavior are further analyzed. The results 
indicate that the assumption that the perception of risk is invariant may not hold and further-
more that we must first understand what is perceived from information before we can study 
the rationality of decision-making. The implications of the findings presented in the paper are 
especially important from the point of view of the financial industry that typically and almost 
invariably deals with information about uncertain future outcomes.

The third paper by Jani Kinnunen and Irina Georgescu presents a new variant for fuzzy real 
option valuation that is based on using trapezoidal fuzzy numbers with interval-tails referred 
to as interval valued fuzzy sets. Real option valuation is the latest addition to profitability 
analysis of real-investments and attacks the problem of understanding the value of potential 
provided by managerial flexibility. The first fuzzy variants of the traditional option pricing 
methods arrived in the 1990s, but specific methods designed for fuzzy real option valuation 
only after the year 2000. The new variant that the authors present is based on the fuzzy Pay-
Off Method for real option valuation and more specifically a later version of the method that 
has been replaced using the possibilistic mean with the center of gravity in the calculation of 
the single value representative centroid for the positive side of the underlying asset pay-off 
distribution. The focus is on the variants that use trapezoidal fuzzy numbers and the authors 
present comprehensively and completely with code (for R) the models on which their new con-
tribution is based on.  

Fuzzy logic is a precise way of modeling imprecision and in the context of real option val-
uation imprecision plays a great role, as the analysis is forward-looking and most often based 
on expert judgment, the new variant presented is designed to perform real option analysis in 
cases, where the available subjectively perceived information about cash-flows used as the ba-
sis of the evaluation is in the form of trapezoids, where the tails of the trapezoids are interval to 
reflect and to capture the uncertainty about the minimum possible and the maximum possible 
values. The context of the paper is that of mergers and acquisitions and the authors illustrate 
the new method-variant with a case from within that context. 

The fourth and last paper of this special issue is by Mikael Collan and Jyrki Savolainen and 
takes the reader to the world of the construction industry and specifically looks at the prob-
lem of phasing construction. Phasing is a real option often used in the real world and under-
standing it better is highly relevant from the practitioner point of view. The research presented 
is focused on comparing and analyzing the different types of decision-support that can be 
reached for phasing of construction with two very different methods available for the job – the 
first method they present, test, and discuss is perhaps the simplest to use real option analysis 
method available the fuzzy pay-off method that is based on using two, three, or more manage-
rially estimated cash-flow scenarios to construct a net present value distribution for an asset. 
They show that the method is usable in producing fast intuitive decision-support for construc-
tion-phasing decisions. The method is described as “quick and dirty” and the results given by it 
are direction-giving, on the other hand, the method does not require precise information and 
can handle a lot of imprecision with regards to the project. Furthermore, the method does not 
rely on any specific processes to work, this is beneficial from the point of view of the context 
of the construction industry, as the processes that govern the prices of real estate are typically 
very complex and most often unknown. 

The second methodology for analyzing and supporting the decision to phase in the con-
struction industry context presented in the paper is system dynamic simulation modeling. The 
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method is a much more “deep going” method and requires much more time and planning, 
compared to the pay-off method. The methodology requires that a model that depicts the 
analyzed reality is constructed and in such a way that the dependencies (temporal and oth-
erwise) between variables and parts of the model are taken into consideration. Once a model 
is built, in this case of a construction investment with the real option to construct in phases, 
Monte Carlo simulation is performed on the model. In the simulation, input variable values are 
randomly drawn from distributions for each (input) variable and the simulation continues by 
drawing values the “environmental variables” for each time-step until the end of the analysis 
horizon. The model reacts to the drawn environmental variable values according to the pre-set 
and pre-modeled rules. In the paper, five different construction strategies, or sets of rules, are 
analyzed and one thousand scenarios for each strategy is run. The novelty of the paper is in 
that it compares the usability of two methods in the context of the construction industry with 
numerical cases and presents a critical analysis of the suitability of the methods for the task.  

All in all, the four papers of this special issue all present interesting, relevant, and new 
contributions within the broad topical areas of analytics and real option analysis. From the 
presented papers one thing emerges – in the study of economic and business phenomena the 
use of sophisticated analytics methods is on the rise and typically the results gained by using 
them offer deeper insight into the studied phenomena than what can be reached with only 
simple and more traditional methods. This is also an indication of the fact that the context of 
business is very lucrative from the point of view of analytics and that there are great synergies 
to be found by combining these two disciplines. 

Mikael Collan
Guest Editor
LUT-University, School of Business and Management
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The Digital 
Diversity in 
Russian Regional 
Dynamics: Analysis 
by Machine 
Learning Methods
Lyudmila Gadasina, Sergey Voitenko and Pasi Luukka

Abstract
The paper focuses on the digital economy of the Russian Federation by analyzing the level of 
digitization of its regions based on official statistical data from open sources using machine 
learning methods with verification of the most strongly influencing factors. Hierarchical clus-
tering is applied to determine different groups of regions. Random Forest classification algo-
rithm enabled us to explain the peculiar properties of the different regional groups.

Keywords: 
Russian regions, Federal State Statistics, cluster analysis, Random Forest algorithm, digitaliza-
tion

Lyudmila Gadasina is an Associate Professor of Information Systems at Saint Petersburg State University, Russia. 
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1 Introduction
The global digitalization of the world creates entirely new problems and challenges: global in-
formation interdependence and a sharp increase in the speed of technological, informational, 
and political-social changes that are defining the economy. In order to accept these challenges 
and problems, it is necessary to develop modern digitalization tools both at the global and at 
the country level within its regions. This task is most difficult in large multinational countries, 
such as Russia, where regions differ significantly in the number of digital devices per capita, the 
development of information and communication infrastructure, services of e-government and 
e-commerce.

To progress the digitalization several have developed programs in the digital economy. 
The program “Digital Economy of the Russian Federation”, approved in July 2017, provides for 
the economic development in five areas: “Information infrastructure”, “Information security”, 
“Regulatory regulation”, “Formation of research competencies and technological reserves” and 
“Personnel and education” (Programma 2017). In the same year, the Federal state statistics ser-
vice issued an order (Prikaz 2018) to support this program by providing information gathering 
and systematization from various Russian organizations. It includes the preparation of annual 
reports containing “information on the development and (or) use of advanced production tech-
nologies”; “information on the use of information and communication technologies and the 
production of computer equipment, software, and services in these areas”; “information on the 
implementation of research and development” and “information on innovative activities of the 
organization” (Prikaz 2018). Many countries collect and publish similar information for their 
economy (see e.g., Digital Economy Monitoring 2018).

This paper is devoted to the analysis of the development of Russian Federation regions in 
the digital economy in the direction of  “Information infrastructure” analysis which is based on 
open data collected on the Federal state statistics service portal in the section “Monitoring the 
development of information society in the Russian Federation” (Monitoring 2018). Regional de-
velopment of regions is an important component of the whole country progress. Through the 
prism of levels of regional development, it is possible to analyze the possibilities and problems 
of the country as a whole and also to predict the direction of its development.

The Russian state collects a large number of indicators of digital development, but they only 
show the general situation and do not allow revealing the features of the development of individ-
ual regions of the country. In this paper, we decided to apply a combination of several machine 
learning methods to all collected indicators as raw data. This approach made it possible not only 
to more accurately assess the development features of each region but also, as a result of tuning 
the collected indicators themselves, to obtain a more accurate interpretation of the results.

In a number of works, e.g. in Abdrakhmanova et al. (2018) for Russia and Ragnedda and Mus-
chert (2013) for Russia and other countries, a statistical exploratory analysis of the development 
of digitalization was carried out on the basis of only the aggregated basic indicators of the coun-
try, without affecting the regional levels.

Quite a lot of works are devoted to the development of the regions (Kuznetsov & Perova 2014; 
Kuznetsov et al. 2017; Perova & Neznakomtseva 2016). Kuznetsov and Perova (2014) investigated 
the factors of development of the digital economy of Russia and neural network models of the 
dynamics of regional development. Eliseeva et al. (2016) used cluster analysis of innovative ac-
tivity of donor regions of modern Russia for different periods. Cluster migration was traced and 
the most significant factors that influenced cluster analysis were identified. Eliseeva et al. (2016) 
assessed the innovation potential and the main directions of development in the northern re-
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gions of Russia by using cluster analysis together with principal component analysis (PCA). In 
their work, PCA was used to reduce the number of indicators used in cluster analysis. Verzilin et 
al. (2017) explored the socio-economic activity of Russian Federation regions using open-source 
data collected from federal and regional authorities, social media and social networks.

Besides the above, a number of studies exist where digitalization is examined and compared 
on different levels and different entities (unions, countries, regions, etc.). Indicators are usually 
aggregated to produce meaningful information (Cámara & Tuesta 2017; “Digital Russia” Index 
2018; The ICT Development Index 2017). Typically, the aim of these studies is to produce an index 
that can be used as a one-dimensional measure for digitalization. In the EU, the Digital Economy 
and Society Index (DESI) is commonly used to compare countries and regions. DESI is a compos-
ite index that summarizes relevant indicators on Europe’s digital performance across five main 
dimensions: Connectivity, Human Capital, Use of Internet, Integration of Digital Technology and 
Digital Public Services1.

Some papers have used linear regression models to explain determinants of ICT adoption 
in different groups of countries (see e.g., Billon et al., 2010). Billon et al. (2010) confirmed that 
there is a positive and significant relationship between GDP and the digitalization index and 
showed the existence of a positive and significant relationship between the digitalization index 
and telephone mainlines.

In this paper, we compare the regions of Russia by analyzing the full group of official indica-
tors by using machine learning methods. This differs from earlier research also from the fact that 
we are not using any aggregated indicators.

2 Methodology and Data Sources

2.1 A methodology of investigation
We apply machine learning techniques to analyze the collected data. At the first stage, several 
region clusters of the Russian Federation with similar values of a number of indicators for 2014 
and 2017 were identified by using hierarchical cluster analysis (Rokach & Maimon 2005). The 
quality of clusters was checked using a dendrogram analysis. In dendogram analysis, a tree is 
constructed using a matrix of proximity measures, where each branch of a tree corresponds to 
indicator. 

In the hierarchical clustering, Ward’s method (also known as Ward’s minimum variance 
method) was used to merge clusters. For the actual distance in the Ward’s method, we selected 
Euclidean distance. Applying the complete-linkage method gives very close results. Applying 
single-linkage, unweighted average linkage and weighted average linkage clustering does not 
lead to forming clusters.

Cluster numbers from hierarchical clustering results in the regional clusters used for the 
classification task as variables to predict. For the classification method, we used Random Forest 
(Breiman 2001) classifier, which is an ensemble classifier and can also determine the most in-
fluential variables for the prediction task. At the next stage, the selected groups of regions were 
compared with the rating of their socio-economic development over the same period and for 
the previous ones. At the last stage, the dynamics of changes in indicators for the period under 
review were analyzed. 

1 https://ec.europa.eu/digital-single-market/en/desi
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2.2 Data Sources
For this study, we used open-access data from the Federal State Statistics Service (Monitoring 
2018) related to the digitization of the regions of the Russian Federation in the following areas: 
the level of digitalization of companies, the use of the Internet by the population, including 
the use of public services and education, etc. Since for many of the indicators of interest to our 
study, data has been published since 2014, and data for 2018 were not fully collected at the time 
of the study, it was decided to limit the period to 2014-2017. The research also used the Rating 
of socio-economic status of the Russian Federation regions, compiled annually by the Rating 
Agency “RIA Rating” (Rating 2017).

2.3 Methodology of data collecting
Thirty-three of the following indicators were selected for the study. Table 1 shows the indicator 
groups and their ranges. The full list of indicators is in Appendix A.

Table 1. Data descriptions

GROUPS OF THE INDICATORS INDICATORS RANGE IN THE GROUP

The use of computers, computer nets and the Internet in companies. I1 – I14

Use of special software and information systems in companies. I15 – I23

Education: technology support. I24 – I27

Internet use by the public. I28 – I33

In order to eliminate strongly dependent variables, an analysis of their interrelations was car-
ried out in order to select statistically independent indicators. For a pairwise comparison of all 
33 indicators, correlation coefficients were calculated and scattering clouds were constructed. 
Table 2 shows the highest correlation coefficients for indicators.

Table 2. Correlation coefficients for indicators.

INDICATOR NUMBER INDICATOR NUMBER CORRELATION

I1 I7 0.891

I1 I11 0.873

I1 I12 0.845

I2 I22 0.820

I4 I18 0.820

I5 I16 0.837

I6 I8 0.894

I7 I12 0.904

I11 I12 0.895

I15 I22 0.836

I16 I17 0.889

I16 I18 0.891

I16 I23 0.895

I17 I18 0.875

I28 I29 0.823
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Fig. 1. Dendrogram with 5 clusters shown

In order to get rid of highly correlated indicators, we selected only those which had higher var-
iance. In the cases where the variances differed insignificantly, the final set includes indicators 
with a better interpretation. Thus, indicators: I5, I6, I7, I11, I12, I18, I22, I23 & I28 were excluded 
from the final set of 24 indicators.

3 Results

3.1 2017 indicators 
Clustering analysis using hierarchical clustering with the Ward method for merging clusters 
was performed for the data using the selected 24 indicators. For the number of clusters, we 
found five to be the most suitable for grouping different regions. Figure 1 shows dendrogram 
with marked 5 clusters.

The next step was to apply Random Forest to classify our data set. Random Forest can also 
identify the most significant indicators from the classification point of view by using mean 
accuracy decrease. In this study, we found that most significant indicators were: I9, I8, I2, I20, 
I10, and I13 (in descending order of importance).

The Random Forest algorithm parameters were selected and a series of classification ex-
periments were carried out with the initial set of parameters, 24 selected parameters, and 6 
most significant ones. Table 3 shows the out-of-bag (OOB) error for the algorithm, which is 
the average error by algorithm applying to the sample do not contain in the Forest respective 
bootstrap sample.

Table 3. Random Forest machine learning algorithm

NUMBER OF USING FEATURES MEAN ERROR STANDARD DEVIATION  FOR ERRORS

Full dataset of 33 features 16,4% 1,48

24 features 17,7% 1,19

6 most important features 31,5% 1,2

Table 3 shows than using only the most important indicators is not enough for clusters predict-
ing. Other indicators can give some special characteristics for clusters.
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List of identified features shows that the companies in different regions most significantly 
differ in the following indicators:

• ‘use of Internet access at a speed of at least 2 Mbit’;
• ‘percentage of organizations using broadband Internet access in the total number of or-

ganizations’;
• ‘using local area networks by organizations’;
• ‘using electronic data interchange between organizations own and external information 

systems’;
• ‘availability of a website’;
• ‘provision of technical means for mobile Internet access to its employees’.

Figure 2 allows comparing indicator I9 (Percentage of organizations using Internet access at 
a speed of at least 2 Mbit/s in the total number of organizations) with the help of boxplots for 
five clusters. It clearly shows the dissimilarities of this indicator value probability distributions 
for different clusters.

The least significant indicators were: I24, I27, I25 (in descending order of importance). This 
means that indicators such as ‘number of personal computers used for educational purposes 
in educational institutions’, ‘the proportion of students enrolled in training programs for 
skilled workers’, ‘employees and percentage of educational institutions of higher vocal edu-
cation connected to the Internet in the total number of institutions of higher vocal education’ 
– varies slightly from region to region. All these indicators belong to the field of education, and 
their average values for all regions are 12.88, 0.42 and 97.25, respectively.

Table 4 provides estimates of indicators mean values for each cluster.

Fig. 2. Compare Indicator I9 boxplots for five clusters.
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Clustering analysis results show that regions can be ranked across the entire spectrum of se-
lected indicators, with the exception of indicators I25 and I27. The ranking order is determined 
by the number of the cluster, which contains the region in terms of digitizing the selected in-
dicators.

The first cluster consists of the following regions: Moscow, Moscow obl., St. Petersburg, Ta-
tarstan, Tyumen obl., Bashkortostan.

The second cluster consists of 37 regions, which are the following:
Regions (oblasts): Arkhangelsk, Astrakhan, Belgorod, Chelyabinsk, Ivanovo,  Kaliningrad, 

Kaluga, Kamchatka, Kemerovo, Khabarovsk, Kursk, Leningrad, Lipetsk, Murmansk, Nizhny 
Novgorod, Orenburg, Penza, Rostov, Sakhalin, Smolensk, Sverdlovsk, Tambov, Tula, Vladimir, 
Vologda, Voronezh, Yaroslavl; provinces: Krasnodar, Krasnoyarsk, Primorsk, Stavropol; repub-
lics: Adygea, Altai, Chuvash, Karelia, Khakassia, Udmurtia.

The third cluster consists of 20 regions, which are the following:
Regions (oblasts):  Amur, Bryansk, Irkutsk, Kirov, Kostroma, Magadan, Novgorod, Orlovsky, 

Pskovskaya, Ryazan, Tver, Ulyanovsk; provinces: Perm, Zabaykalsky, Chukotka Autonomous 

INDICATOR CLUSTER 1 CLUSTER2 CLUSTER 3 CLUSTER 4 CLUSTER 5

I1 53.17 47.22 45.5 47.24 39

I2 68.32 64.95 59.99 49.11 36.5

I3 34.97 26.89 22.96 17.68 7.4

I4 22.32 16.65 13.84 12.81 6.2

I8 89.18 86.43 83.25 73.52 74.5

I9 68.28 59.95 54.39 47.22 40.3

I10 56.28 50.72 44.32 38.84 41.9

I13 46.4 35.65 29.12 27.63 19.85

I14 5.12 2.74 2.41 2.14 1.05

I15 40.73 37.59 34.67 30.72 15.55

I16 29.32 21.49 18.62 16.03 5.35

I17 18.6 11.21 9.48 7.82 2.2

I19 70 69.41 69.13 61.29 41.6

I20 68.93 64.79 65.34 56.59 40.9

I21 6.52 4.52 3.91 3.94 1.45

I24 17.17 13.92 11.7 11.18 7

I25 94.2 96.54 99.33 97.64 95.45

I26 3.485 2.35 2.17 2.91 2.11

I27 0.33 0.42 0.44 0.42 0.35

I29 79.22 72.45 70.29 73.71 61.8

I30 61.75 39.33 23.65 35.49 28.8

I31 74.67 62.62 47.41 58.76 46.15

I32 80.13 71.31 64.99 73.36 50.9

I33 37.67 28.67 22.49 24.99 10.3

Table 4. 2017 indicators mean values for five clusters.
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Okrug, Jewish Autonomous; republics: Ingushetia, Komi, Mari El.
The fourth cluster consists of 17 regions, which are the following:
Regions (oblasts): Kurgan, Novosibirsk, Omsk, Samara, Saratov, Tomsk, Volgograd; prov-

inces: Altai; republics: Buryatia, Mordovia, Kabarda-but-Balkar, Kalmykia, Karachay-Cherkes-
sia, North Ossetia-Alania, Sakha (Yakutia), Tuva.

The fifth cluster consists of 2 regions: the Republic of Dagestan, the Republic of Chechnya.
Comparing with the Rating of the socio-economic situation of the subjects of the Russian 

Federation in 2017 (this rating is formed annually by “Rating Agency” RIA Rating “, (Rating 
2017)), we can conclude that the first cluster of leaders included regions with a rating of not 
less than 11 (also on the ratings since 2014). This means that in regions with high socio-eco-
nomic indicators, companies have more opportunities for digitalization. For other clusters, 
there is no clear link between the level of socio-economic development and the level of digital 
development. 

3.2 2014 indicators
Cluster analysis of data for 2014 also allowed forming five well-distinguishable groups of re-
gions. Similarly, in 2017, a group of leaders stood out, as well as two groups of leaders (first 
and second place) and the group with the lowest indicators. But clusters number 3 and 4 were 
formed according to the following principle:

• in one cluster, regions with the lowest developed indicators of the category Internet use by 
the public with average indicators of other spheres;

• in other regions with the lowest indicators of the category Use of special software and in-
formation systems in companies and several indicators of the Use of computers, computer nets 
and the Internet in companies category.

The composition of the clusters themselves also differs from 2017 year clusters. For example, 
the cluster of leaders consisted only of Moscow, St. Petersburg. Cluster number 5 contains 17 
regions.

3.2 Changes in the indicators over time
The next stage of the study is devoted to the changes in the values of indicators, which are cal-
culated as a relative increment of indicators in 2017 relative to the values of 2014 (k = 1,2,3,…33):

 
    

 (1)

After analyzing the changes, we identified three clusters and three separate regions: the Re-
public of Dagestan, the Republic of Ingushetia, the Republic of Chechnya. Figure 3 shows 
dendrogram with 3 clusters, three separate regions are missed. Figure 4 shows the clustering 
heights – the value of the criterion associated with the Ward’s method of clustering. These two 
figures give us the possibility to choose 3 or 7 clusters, but 7 clusters are not clear for its charac-
teristics interpretation.
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Fig. 4. Elbow diagram
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The characteristics of the average values of the indicators included in each cluster are pre-
sented in table 5.

Table 5. Indicators mean values for four clusters.

INDICATOR CLUSTER 1 CLUSTER2 CLUSTER 3

ΔI1 0.07 0.09 0.06

ΔI2 -0.14 -0.01 -0.05

ΔI3 0.52 0.68 0.75

ΔI4 0.16 0.25 0.33

ΔI8 -0.02 0.09 0.05

ΔI9 0.07 0.21 0.26

ΔI10 0.09 0.31 0.24

ΔI13 0.26 0.73 0.36

ΔI14 0.85 1.28 1.31

ΔI15 -0.07 0.16 0.06

ΔI16 0.02 0.19 0.19

ΔI17 0.16 0.08 0.38

ΔI19 0.07 0.27 0.15

ΔI20 0.12 0.44 0.21

ΔI21 0.11 0.09 0.39

ΔI24 0.03 0.16 0.05

ΔI25 0.02 0.05 0.04

ΔI26 -0.19 -0.21 -0.27

ΔI27 -0.18 -0.13 -0.30

ΔI29 0.12 0.26 0.16

ΔI30 3.79 10.66 5.30

ΔI31 0.90 2.84 1.37

ΔI32 0.10 0.30 0.23

ΔI33 0.67 1.57 0.86

In general, the greatest changes occurred on indicators:

• Percentage of workers using mobile Internet access provided by an organization at least 
once a week in the total number of payroll organizations;

• Proportion of the population that used the Internet to obtain state and municipal services 
in the total population surveyed,

• The share of the population that used the Internet to obtain state and municipal services 
in the total population that received state and municipal services.
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These changes in the last two parameters are associated with the introduction of the Program 
E-government in Russia.

Also, the greatest change occurred in the “backward” regions according to the studied set 
of parameters. In particular, in regions with high subsidies and investments, such as the Re-
public of Dagestan, the Republic of Ingushetia, the Republic of Chechnya.

The smallest changes occurred in the following regions: Moscow, St. Petersburg, Arkhan-
gelsk oblast, Chelyabinsk oblast, Irkutsk oblast, Irkutsk oblast, Kemerovo oblast, Krasnoyarsk 
oblast, Novosibirsk oblast, Omsk oblast, Perm oblast, Samara oblast, Saratov oblast, Sverdlovsk 
oblast, Tomsk oblast, Tyumen oblast, Volgograd oblast, Republic of Adygea, Republic of Burya-
tia, Republic of Karelia, Republic of Khakassia, Republic of Komi, Republic of Mari El, Republic 
of Tatarstan, Udmurt Republic, Primorsky Krai, Khabarovsk Krai.

4 Conclusion
This paper presents a comparative analysis of the digital development of regions based on 
indicators from open sources. The results allow us to conclude that the digital economy of 
Russia can be characterized as “digital inequality” due to disproportion in the IT development 
of regions. Lead regions (included in cluster number 1) can be compared in their level of digi-
talization with world leaders, while other regions are more comparable with the states of the 
Active Followers and Lagging Followers categories. The digital inequality generated by the 
existing economic and social gaps between the capital and the other regions contains in itself 
the possibilities to overcome it due to the rapid and relatively inexpensive scaling inherent in 
digital solutions and services.

It should be noted that the so-called “lagging” regions showed a significant improvement 
in year 2017 compared to year 2014, which is largely due to state support. Because the national 
program “Digital Economy in Russian Federation” was approved in 2017, it makes sense to con-
duct a detailed monitoring of the development of the regions and changes in their position for 
the targeted direction of the state’s attention in these regions, which will contribute to a more 
uniform development of the country in the digital economy.
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Appendix A.  
The list of indicators.

The use of computers, computer nets and the Internet in companies.
I1 – The number of personal computers per 100 employees of organizations.
I2 – Percentage of organizations using local area networks in the total number of surveyed 

organizations.
I3 – Percentage of organizations using the Intranet in the total number of surveyed organ-

izations.
I4 – Percentage of organizations using Extranet in the total number of surveyed organiza-

tions.
I5 – Percentage of organizations using open-source operating systems provided by third 

parties (for example, Linux) in the total number of organizations surveyed.
I6 – Percentage of organizations using the Internet in the total number of surveyed organ-

izations.
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I7 – Number of personal computers with access to the Internet per 100 employees of organ-
izations.

I8 – Percentage of organizations using broadband Internet access in the total number of 
organizations.

I9 – Percentage of organizations using Internet access at a speed of at least 2 Mbit / s in the 
total number of organizations.

I10 – Percentage of organizations that had a website in the total number of surveyed or-
ganizations.

I11 – Percentage of employees of organizations that used personal computers at least 1 time 
per week, in the total number of payroll organizations.

I12 – Percentage of employees of organizations that used the Internet at least 1 time per 
week, in the total number of payroll organizations.

I13 – Percentage of organizations that provided technical means for mobile Internet access 
to their employees, in the total number of surveyed organizations.

I14 – Percentage of workers using mobile Internet access provided by an organization at 
least once a week in the total number of payroll organizations.

Use of special software and information systems in companies.

I15 – Percentage of organizations that had special software for managing the procurement 
of goods (works, services) in the total number of organizations surveyed.

I16 – Percentage of organizations that had special software for managing the sales of goods 
(works, services) in the total number of organizations surveyed.

I17 – Percentage of organizations using ERP systems in the total number of surveyed organ-
izations.

I18 – Percentage of organizations using CRM systems in the total number of surveyed or-
ganizations.

I19 – Percentage of organizations using electronic document management systems in the 
total number of surveyed organizations.

I20 – Percentage of organizations that used electronic data interchange between their own 
and external information systems on exchange formats (EDIFACT, EANCOM, ANSI X12; XML-
based standards, such as ebXML, RosettaNet, UBL, papiNET; proprietary standards agreed be-
tween organizations) in the total number of surveyed of organizations.

I21 – Percentage of organizations that used SCM-systems in the total number of surveyed 
organizations.

I22 – Percentage of organizations that placed orders for goods (works, services) on the In-
ternet, in the total number of surveyed organizations.

I23 – Percentage of organizations that received orders for manufactured goods (works, ser-
vices) over the Internet, in the total number of surveyed organizations.

Education: technology support.

I24 – Number of personal computers used for educational purposes per 100 students of 
state and municipal educational institutions.

I25 – Percentage of educational institutions of higher vocational education connected to 
the Internet in the total number of institutions of higher vocational education surveyed.
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I26 – The number of students enrolled in educational programs of higher education - un-
dergraduate programs, specialties, graduate programs, per 100 population.

I27 – The proportion of students enrolled in training programs for skilled workers, employ-
ees, in the total population.

Internet use by the public.

I28 – Number of Internet users per 100 population.
I29 – The proportion of the population that is active users of the Internet in the total pop-

ulation.
I30 – Proportion of the population that used the Internet to obtain state and municipal 

services in the total population surveyed.
I31 – The share of the population that used the Internet to obtain state and municipal ser-

vices in the total population that received state and municipal services.
I32 – Proportion of households with broadband Internet access in the total number of 

households.
I33 – The share of the population that used the Internet to order goods and (or) services in 

the total population.
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The Mean & Range 
Effect – A Sweet Spot 
Stimulating Risk-
Seeking in Managerial 
Decision Support
Jan Stoklasa, Azzurra Morreale, Tomáš Talášek and Mikael Collan

Abstract
We report a specific irregularity in risk-attitudes that occurs under one of the most common 
risk presentation formats. Representing the risk by the expected value and the range of possible 
values can result in increased risk-seeking compared to other less- or more- information-rich 
formats of risk presentation. We call this phenomenon the mean & range effect. Our research 
suggests a 20% prevalence of this phenomenon in three different countries confirmed by three 
different modes of analysis. A novel analytical approach is suggested that defines fuzzy subsets 
of the sample to allow for the partial membership of each respondent to more than one subset 
to account for within-respondent variability. The results suggest the possibility to influence the 
risk-appetite of decision-makers by a specific risk-presentation, which can seriously affect the 
outcomes of (group) decision-making problems. This finding is relevant for decision support 
systems design, marketing, corporate and consumer finance and related fields.
 
Keywords: 
mean & range effect, risk presentation, decision analysis, risk appetite, behavior, continuous 
distributions.
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1. Introduction
Uncertainty is a factor that needs to be accounted for in everyday managerial decisions as well as 
in strategic decisions of great importance. It is thus of no surprise that risk attitudes and factors 
influencing it, representation of risk and uncertainty and decision support under risk and uncer-
tainty, are still current topics of research in top-tier journals in the fields of management, opera-
tions research, and decision sciences. Most published literature on the behavioral aspects of deci-
sion-making under uncertainty studies how cognitive biases affect investment decision-making 
under uncertainty (Tversky & Kahneman, 1981; Slovic, 2000; Smit & Lovallo, 2014; Kull, Oke, & 
Dooley, 2014). The uncertainty is typically presented in terms of a numerical presentation, or 
by presenting a lottery-situation (Benartzi & Thaler, 1999).  Assuming rationality, investment 
decisions should not be affected by the way the information is presented. However, research in 
decision-making shows that different (yet equivalent) information formats could lead to differ-
ent decisions (Tversky & Kahneman, 1981; Rubaltelli, Rubichi, Savadori, Tedeschi & Ferretti, 2005; 
Diacon & Hasseldine, 2007). The fit of the decision-support model to the cognitive style of the 
decision-maker is also emphasized (Engin & Vetschera, 2017)

In this paper, we contribute to this stream of research and concentrate on the study of how 
the format of presenting information about uncertain outcomes affects decision-making. More 
specifically, we address the question of whether decision-making under uncertainty (risk-taking 
behavior) varies between the situations, when uncertainty is represented simply by a number 
(e.g. the simple expected value), when uncertainty is presented in the form of confidence inter-
vals or ranges of possible values, and when uncertainty is presented by a more “complete” pres-
entation format, such as histograms or continuous distributions. 

Previous published research on this topic, the effect of presentation format of information 
about uncertain outcomes on decision-making has been very limited and there is a clear gap in 
the literature with regards to this issue. The scarce previous literature that has studied aspects of 
this issue include the works by Benarzti and Thaler (1999), Beshears, Choi, Laibson and Madrian 
(2011), Kaufmann, Weber and Haisley (2013), and Morreale, Stoklasa, Collan and Lo Nigro (2016) 
that are, to the best of our knowledge, among the first to study the effects of different informa-
tion presentation formats (incl. distributions and histograms, commonly used e.g. in the prod-
uct review summary setting as discussed by Yang, Sarathy and Lee, 2016) in decision-making.

More in detail, Benarzti and Thaler (1999) show that people change their risk attitudes when 
they are first presented with repeated plays of a gamble with a positive expected value and then 
when they are presented with a graphical distribution of returns. Their main finding is that many 
people more frequently accepted the gamble after the distribution was shown. A similar result 
is found by Beshears et al. (2011) who use graphical distributions to represent historical returns 
of equity funds over a 30-year time horizon. In Kaufmann et al.’s (2013) study, risk is presented in 
several ways ranging from numerical descriptions (the expected value and the standard devia-
tion of a risky alternative), experience sampling and graphical displays to a combination of the 
last two formats, named “risk tool simulation”. They find that people are more likely to take risks 
during the experience sampling experiment and during the “risk tool simulation” one. However, 
as the authors highlight, the experience sampling effect - rather than the graphical presentation 
of distributions - appears more likely to influence the increased propensity to take risk in the 
“risk tool simulation” setup.

Our research contributes to this same general area of research touched by the above three 
papers. However, we are more specifically focused on how managerial risk perception and de-
cision-making changes. We study these changes, when different amounts of information and 
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different formats of information presentation, ranging from simple single-number ones to 
histograms and continuous distributions, are used to represent the same (or very similar) de-
cision-making situation. For this reason, we use different presentation formats than those used 
in the previous studies (see the following section, where the formats are described in detail). In 
this respect, our research is more closely related to what was presented in Morreale, Stoklasa, 
Collan, and Lo Nigro (2016), who conducted an exploratory survey (in Italy and Finland) in or-
der to investigate how the format of presentation and the amount of information concerning 
risky events influence the managerial decision-making process. This paper builds on and con-
siderably extends the results presented previously in Morreale, Stoklasa, Collan, and Lo Nigro 
(2016). The main finding of their paper is that changing the presentation of information about 
uncertain outcomes from a presentation of a simple expected value to a more information-rich 
format (such as expected value and range of possible values) increases the propensity to take 
risk, but further addition of information concerning the risky prospects (presentation of con-
tinuous distributions or histograms with a highlighted mean value)  seems to again reduce the 
decision-makers’ propensity to take risks. 

For the purposes of this research, we refer to this “new” phenomenon as the mean & range ef-
fect (MR-effect) and in this research, we significantly deepen and widen the scope of investigation 
of this effect to include the possible effects the amount of money considered in the experiments 
may have on decision-making (low and high sums of money are considered). A study of the effect 
of “high sums” of money is carried out to complement the earlier results from Morreale, Stoklasa, 
Collan and Lo Nigro (2016) and a confirmatory replication survey study is conducted with a 
different population in another country (Czech Republic). In addition, we perform a detailed 
analysis of the occurrence of the phenomenon, including standard frequency analysis, respond-
ent-by-respondent analysis, and a novel fuzzy-partition based analysis. The analyses confirm the 
existence of and deepen the understanding of the prevalence of the MR-effect. 

Specifically, the increase in the frequency of choosing a risky alternative over a certain (non-
risky) outcome is confirmed by a standard frequency analysis. The data used was collected in 
three countries, Finland (pilot study), Italy, and the Czech Republic. Results from the pilot study 
are reported in Morreale, Stoklasa, Collan and Lo Nigro (2016)). Frequency analysis of the whole 
sample, disregarding the country of origin, is also performed. The prevalence of the MR-effect is 
further studied for each country by respondent-by-respondent and a roughly 20% prevalence is 
found. Also, the MR-effect is more predominant with higher sums of money involved. This anal-
ysis sheds light on the actual frequency of the phenomenon in real-life decision-making and on 
the share of decision-makers, who actually express behavior that is apparently influenced by the 
MR-effect. 

Finally, to study the subgroups within the surveyed samples we propose the use of a novel 
fuzzy subgroup analysis based on creating fuzzy subgroups of the collected samples according 
to a defining attribute (risk attitude is considered to be the characteristic feature in this paper), 
see Morreale, Stoklasa and Talášek (2016) or a summary of this approach provided in the Fuzzy 
Partitioning Subsection. This approach allows for the splitting of the sample into more focused, 
but possibly overlapping, groups of risk-seeking, risk-neutral and risk-averse decision-makers. It 
thus offers deeper insight into the results, as it offers a way to study the prevalence of the MR-ef-
fect within subgroups with different risk attitudes, e.g., risk-seeking, risk-neutral, and risk-averse 
decision-makers. The analysis also allows for a gradual assessment of risk attitudes (or any other 
attribute). The proposed methodology allows focusing more deeply on the subsamples, for 
which the existing theory might provide normative results, or for which an expected outcome 
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(or a rational reaction) can be specified. Note that, e.g., rationality defined as indifference be-
tween a certain outcome A and a lottery B, with the same expected outcome, is only valid for 
risk-neutral decision-makers (Kahneman & Tversky, 1979). The proposed methodology allows us 
to study if the MR-effect is manifested differently among risk-averse, risk-neutral, and risk-seek-
ing decision-makers. 

The findings of this research are significant from the points of view of both the theory of de-
cision-making and the practice. Importantly, the obtained results show that the assumption that 
the perception of risk is invariant is put to question and the notion of “rational decision-makers” 
is (again) found wanting. In fact, the delivery mechanism (format of presentation) of informa-
tion seems to play a role in how it is understood and put into action in form of decisions made 
(Setia & Speier-Pero, 2015). This implies that we must first understand what is being perceived 
from presented information before we can study rationality of decision-making. This research 
is an attempt to open the door to discuss this “what is perceived” issue. From the practical appli-
cation point of view, the implications of this research are quite monumental. For example, the 
implications to the financial industry in terms of effects of presenting information about uncer-
tain outcomes may mean a potential effect on investor behavior with regards to risk appetites 
that may translate to a shift towards riskier investments if expected investment outcomes are 
presented in certain formats (rather than in some other formats). Another example of impor-
tant practical implications is to the design of information systems and decision support system 
in general, to the selection of appropriate information presentation formats and visualization 
methods (Engin & Vetschera, 2017), especially when uncertain information is presented.    

In the following section, we present the used data-collection method and the samples col-
lected. This is followed by presentation and analysis of the survey results in different ways – by 
frequency-based analysis, respondent-by-respondent, and by using fuzzy partition analysis of 
data. The paper is closed with a discussion and conclusions about the results obtained.

2. Method: survey questionnaire used and the sample
In this paper, we study how the format and the amount of information influence decision-makers’ 
propensity to take risks. With this aim, similarly to previous research on decision-making processes 
(Dearborn & Simon, 1957; Fredrickson, 1984; Keith, Demirkan & Goul, 2017) and research on topics 
including risk-taking (Sitkin & Weingart, 1995; Simon, Houghton & Aquino 2000; Miller & Shapira 
2004), we analyze students’ responses to a survey consisting of decision-making problems under 
different risk presentation formats in order to understand how the amount of information pro-
vided to the respondents influences their propensity to choose a risky alternative. Students with 
similar backgrounds, but from three different countries (Finland, Italy and the Czech Republic) 
were used as respondents in the study to achieve better generalizability of our results.

The first “pilot” study was done in Finland, where fifty-five students1 of the Lappeenranta 
University of Technology (LUT) participated and provided their answers to low-payoff items2 of 
the questionnaire only. The majority of the sample were masters students (fifty-two), the rest 
were bachelors, the mean age of the respondents was 25.3 years (SD=5.63). Forty-four (44%) 
percent of the respondents were female and 56% were male. The participants were students or 
exchange-students studying at the LUT School of Business and Management, 35 were Finnish, 
the rest were international students. The pilot run confirmed the feasibility of the research in-
strument and provided initial results for analysis, including initial evidence in favor of the ex-

1 Out of the original sample of 57 students, two questionnaires were missing values and were thus discarded. 
2 Pay-offs were comparable with the price of a dinner in a restaurant in the given country.
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istence of the MR-effect studied in detail in this paper. Two follow-up surveys were subsequently 
performed in Italy and the Czech Republic. These follow up studies also considered items with 
higher pay-offs to control for the effect of the perceived value on the choice. 

In the Italian case, fifty-eight Master of Industrial Management students at the University of 
Palermo (Italy) participated. The mean age of the Italian students was 23.7 years (SD=1.75 years) 
and 35% percent of the Italian respondents were female and 65% male. In the Czech survey, 74 
students participated. The mean age of the respondents was 20.32 (SD=1.61) and 62% percent of 
them were female and 38% male. The Czech sample consisted of 37 bachelor students of Mathe-
matics-Economics, 26 bachelor students of Applied Economics and 11 master students of Applied 
Mathematics in Economics, making a representative sample of the students studying econom-
ics-related study programs at Palacký University Olomouc, Czech Republic. 

The survey focused on real-life decision-making under risk and consisted of a set of items 
requiring the respondents to choose between a sure payoff (denoted as type A option) and a risky 
payoff (denoted as type B option); both options had the same expected payoff in each item. The 
level of detail concerning the risk associated with type B options varied from a single number 
(expected pay-off) to histograms and continuous distributions, whose expected value was high-
lighted. Two levels of pay-offs (high and low) were considered in the full version of the survey, the 
pilot study considered the low pay-off level only. High pay-offs were added to the design of the 
survey to reflect the possible effect of the pay-off size (Karagözoğlu & Urhan, 2017). All the items 
within the given pay-off level dealt with comparable amounts of money (the sums of money pre-
sented to the participants in each country were calibrated in a way to allow for the purchase of 
approximately the same amount of goods in each country and the sums were presented in the 
currencies of the given country). All the items in the survey can thus be considered to be different 
representations of the same decision problem. The standard deviation of the distribution of the 
outcomes of the risky (type B) options was set to be equal to the mean value of the respective 
risky option in each item to facilitate inter-item comparability of the respondents’ answers to 
the items. The survey was presented in English in Finland (since the group of students was an 
international one), in Italian in Italy, and in Czech in the Czech Republic. 

More specifically, the respondents were asked to choose between four possible answers: pref-
erence of A (later denoted as A), preference of B (later denoted as B), and two answers allowing 
for the reflection of initial indifference presented as “I cannot decide, but if I had to, it would be 
A (or B)” (later denoted as AA and as BB respectively). The indifferent answers were included to 
allow for the assessment of the attitude-to-risk of the respondents. This way the (relative) fre-
quency of the answers AA and BB can be considered to be a measure of risk-neutrality of each 
respondent. The introduction of the AA and the BB answers allowed for the expression of possi-
ble indifference, while still obtaining a clear answer in one way, or the other. This information is 
further utilized in the deeper analysis of the sample subgroups presented later on in this paper. 
In accordance with, e.g., Kahneman and Tversky (1979) a final choice of A or B was required any-
way (hence B and BB were considered to be risk-seeking answers and denoted simply as “B” in the 
analysis of the answers of respondents, and A and AA as risk-averse answers denoted simply as 
“A”). The distinction between A and AA (or B and BB) is made only for the purpose of risk attitude 
assessment in this paper. Moreover, the respondents were provided with the chance to make 
further comments about their every choice (answer). The participants were told that specifying 
their answer was “not obligatory, but highly appreciated”. The participants also could express 
the perceived relative informativeness of the different risk-presentation forms in the last item in 
the questionnaire. 
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Table 1. The notation used for the questionnaire items relevant for the presented research.

DESCRIPTION OF THE ITEM NOTATION
(LOW PAYOFFS)

NOTATION
(HIGH 

PAYOFFS)

ITEM (MEAN) - represented solely by the mean value (the expected 
payoff)

ML MH

ITEM (MEAN AND RANGE) - represented by the mean value accom-
panied by the minimum and maximum possible payoffs

MRL MRH

ITEM (MEAN AND HIST) – represented by the information concerning 
the mean value and in addition, a histogram of the possible payoffs 
were provided

MHL MHH

ITEM (MEAN AND CONTINUOUS) – represented by the mean value 
and the probability density function describing the distribution of 
payoffs 

MCL MCH

Note1: when we refer to the items without the distinction of the sums of money, the notation L/H is used, e.g., ML/H is 
the ITEM (MEAN) in general.
Note2: Both histograms and probability density functions were truncated at a preselected value for presentation 
purposes (the truncation was made always at the value of the 99th percentile of the respective distributions).  Speci-
fically, lognormal distribution of possible pay-offs was assumed (Nichols, 1994; Lo Nigro, Morreale & Abbate, 2016).

Although the survey consisted of a larger number of items, four of them aim directly at MR-ef-
fect and are the most relevant for this research3. These four relevant items will be referred to, in 
accordance with Morreale, Stoklasa, Collan and Lo Nigro (2016), as ITEM (MEAN), ITEM (MEAN 
AND RANGE), ITEM (MEAN AND HIST), and ITEM (MEAN AND CONTINUOUS) - see Table 1 for the 
explanation of the items.

Except for Finland, where the pilot of this study was run (and hence the survey data were col-
lected for low pay-offs only), two levels of pay-offs were considered in the other two countries 
– low pay-offs (approximately the cost of a dinner) and higher pay-offs (about ten times the lower 
pay-off). This resulted in 8 items relevant for this study (4 low pay-off and 4 high pay-off items). 
The items were presented to the participants in a randomized order to control for the order effect; 
six versions of the questionnaire with a different ordering of the items were used. The different 
items can be simply denoted as ML/H, MRL/H, MHL/H, and MCL/H – see Table 1 for their description and 
the summary of their notation used throughout the paper. Figure 1 also provides examples of the 
items as they were presented to the respondents.

The subjects were informed that there are no “right” or “wrong” answers to the items of the 
questionnaire and that their responses will be treated anonymously and not be used for the pur-
pose of course evaluation. 

The data obtained in the above-described samples through the questionnaire are analyzed 
using the standard frequency analysis approach in Section 3. A more detailed person-by-person 
analysis of the answers of the respondents is also performed to identify the prevalence of the iden-
tified MR-effect in each sample and the overall sample. The results of this analysis are summarized 
in Section 4. In order to analyze our results in an even more detailed manner, i.e. with respect to 
the risk attitudes of the respondents, we define (in accordance with Kahneman and Tversky, 1979) 
a risk-averse decision-maker as a person who chooses a non-risky alternative when faced with a 
choice between a risky alternative and a non-risky (certain) one with the same expected value. 
This implies that an individual who chooses the risky alternative is considered risk-seeking and an 
individual, who is indifferent between the two alternatives, is considered risk-neutral.

3 Yet all the items used in the survey were used to assess the risk-attitude of the respondents to get as comprehensive 
measure of risk-neutrality, risk-seeking, and risk-aversion as possible. A similar risk-attitude assessment approach, 
which is not inbuilt in the questionnaire itself, but presents a separate risk-attitude assessment tool was utilized e.g. 
by Palma-dos-Reis and Zahedi (1999).  
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Figure 1. Illustration of four high pay-off items from the English version of the questionnaire: Item 1 (MH) Item 2 (MHH), Item 3 (MRH) and Item 4 (MCH).
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Since risk-attitude may differ in different circumstances and different contexts, even within 
one individual, we also suggest a fuzzy approach to the risk-attitude assessment in this paper. 
We introduce a fuzzy partition of the set of all respondents into risk-seeking, risk-neutral, and 
risk-averse subgroups and analyze their decision making and the existence of the identified 
MR-effect in each of these subgroups. To do this, we use fuzzy set theory and define measures of 
risk-aversion, risk-neutrality, and risk-seeking for each decision-maker and describe him/her 
as partially risk-averse, partially risk-neutral, and partially risk-seeking (see Section 5 for the 
description of the fuzzy-partition-based analysis). 

Figure 2. Percentage of people from Finland (N=55), who chose the sure option (A) over the four items (in the 
presence of low pay-offs). Statistical significance of differences between the relative frequencies is depicted:  
p < 0.05 (*), p < 0.01 (**) and p < 0.001 (***).

3. Frequency analysis of the survey data
For the sake of clarity, we first summarize and shortly discuss the results of the pilot study con-
ducted in Finland and previously reported in Morreale, Stoklasa, Collan and Lo Nigro (2016)4 
(see Figure 2), where the occurrence of the MR-effect was first observed. Then we present the 
new results obtained in Italy (see Figure 3) and in the Czech Republic (see Figure 4). We also 
present and shortly discuss the results from the overall sample. 

3.1 Pilot Study in Finland
As mentioned before, in the pilot run the survey was administered with low pay-off items only 
to field-test the design of the survey and to get first insights in the difference of decisions under 
various risk-presentation formats in terms of risk-attitude.  Figure 2 represents the percentage 
of the respondents, who chose the sure payoff (A) over the uncertain items as reported in Mor-
reale, Stoklasa, Collan and Lo Nigro (2016). Comparing results from ML and MRL it seems that 
adding information (changing the representation) produces in this case a more risk-taking be-
havior. We observe (see Figure 2) that the majority of the respondents (70.91%) chose the sure 
payoff in ML. When the range of possible outcomes was included in addition to the mean, i.e., 
under (MRL), the number of respondents, who chose the sure pay-off almost dropped by half. In 

4 Morreale, Stoklasa, Collan and Lo Nigro (2016) ran a pilot study of this research in Finland, where students were 
presented with low pay-off items only, and compared these results with the low-payoff item replies obtained in 
the Italian sample in the first step of the follow-up study. Since the aim of this paper is to discuss the existence 
of the MR-effect in a broader context and to provide more in-depth analysis of the empirical data to conclusi-
vely confirm the existence of the MR-effect, we go through the results by Morreale, Stoklasa, Collan and Lo Nigro 
(2016). 
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fact, only 36.36% percent of the respondents chose the sure pay-off. The difference between the 
percentage of respondents, who chose the sure pay-off in ML and MRL is statistically significant 
(p < 0.001).When even more complete information (than MRL) is offered such as MHL and MCL, 
we can again observe that the majority of the respondents (65.45% and 61.82% respectively) 
chooses the sure pay-off alternative. 

The difference between the percentage of respondents, who chose the sure pay-off in MHL 
and the respective percentage in MRL, as well as, the difference between the percentage of re-
spondents, who chose the sure pay-off in MCL and the respective percentage in MRL are both 
statistically significant (p < 0.001 and p = 0.004 respectively). It is this “nonlinearity” in terms of 
the frequency of respondents, who choose the risky alternative, as the amount of information 
increases (more specifically its unexpected peak in MRL), found in the pilot-study data that 
led to the postulation of the existence of and further empirical investigation into the mean 
& range effect. The initial evidence pointing to that under specific information-presentation 
format, decision-makers tend to choose the risky alternative more frequently than under other 
information-presentation formats, motivated further investigation of the phenomenon. Note, 
that the MRL/H representation of risk is one of the most commonly used representations of risk 
in decision-making.5 If this very common representation-format is an outlier in terms of deci-
sion-making behavior, then the implications of the discovery of the MR-effect can be very im-
portant in many areas of human activity that range from information systems design, decision 
support systems design, through marketing to corporate and consumer finance.

Also, comparing the results coming from ML to the results coming from MHL, and to MCL 
where, in addition to the mean value also a graphical representation of the underlying proba-
bility distribution was shown, respondents in Finland appeared to be less risk-seeking in the ML 
setting (but the difference in the relative frequencies of choosing the sure pay-off between ML 
and MCL was not statistically significant, p = 0.313). The increased propensity to risk when dis-
playing return distributions appears to be explained by an overestimation of the probability 
of a low outcome before the return distribution is shown, i.e., in ML (Benartzi and Thaler, 1999; 
Morreale, Stoklasa, Collan and Lo Nigro, 2016).

It seems that the participants felt more accurate about the probability of low outcomes, 
and they felt significantly more informed: 45.45% of them considered the histogram with the 
expected value highlighted (MHL) to be the most informative representation of the risky out-
comes. Finally, we did not observe a significant difference between results coming from MHL 
and MCL (p = 0.687), which suggests that in terms of final decisions between a sure or a risky 
pay-off there is no difference between the histograms and probability density functions as a 
presentation format.  

3.2 First Follow-up Study in Italy
The first follow-up study to confirm the existence of the MR-effect and to analyze it in more 
detail was performed in Italy at the University of Palermo. The main purpose of this follow-up 
was to introduce a new variable into the analysis – the size of the pay-off. Figure 3 represents the 
percentage of Italian students who preferred the sure pay-off (A) in each case of the four survey 
items and in case of low and high pay-offs. 

5 For example, in a study of managerial perception of risk (Shapira 1986), 80% of the interviewed executives asked 
for estimates of the “worst” outcome to make risky investments decisions. 
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Figure 3. Percentage of people from Italy (N=58) who chose the safe option (A) over the four items in case of 
low pay-offs (left side of the figure, grey bars) and high pay-offs (right side, black bars). Statistical significance of 
differences between the relative frequencies is depicted: p < 0.05 (*), p < 0.01 (**) and p < 0.001 (***).

In the Italian sample (see Figure 3), we can again observe that a large number of respondents 
chose the sure pay-off in ML/H, i.e., when the risky option was represented by the least amount of 
information (just the mean value), this result was obtained regardless of the size of the pay-off, 
and 65.52% and 70.69% of the respondents chose the sure pay-off alternative. Adding the range 
of possible payoffs, i.e., the worst and the best outcomes (MRL/H representation) reduced the 
number of selections of the sure pay-off. In fact, only 32.76% and 46.55% percent of the subjects 
chose the sure pay-off in case of low pay-offs and high pay-offs respectively. The differences 
between the percentage of respondents who chose the safe option in ML/H and the respective 
percentage in MRL/H are statistically significant ( p < 0.001  for low pay-offs and p = 0.008 for 
high pay-offs) – there is a significant increase in the number of selections on the risky alterna-
tive in both low and high pay-offs under MRL/H. 

When we continue to add more information and provide not only the mean value but also 
a graphical representation of the probability density function, MHL/H and MCL/H, we can observe 
that the number of respondents choosing the sure payoff increases when compared to MRL/H. 
Specifically, 46.55% and 50.00% of respondents chose the sure pay-off option A in MHL and MCL 
respectively, whereas 75.86% in connection with MHH and 70.69% in connection with MCH. The 
difference between the percentage of respondents who preferred the sure pay-off in MHL (46.55%) 
and in MRL (32.76%) can be considered borderline significant at best (p = 0.129). However, the 
difference between analogous items under high pay-offs (75.86% in MHH and 46.55% in MRH) is 
statistically significant (p = 0.001). Moreover, the difference between the percentage of respond-
ents who chose the sure payoff in MCL (50.00%) and the percentage of people who chose the sure 
payoff in MRL (32.76%) is borderline significant (p = 0.060) in case of low pay-offs and significant 
in the presence of high pay-offs (p = 0.008). Overall, the MR-effect manifests itself in the Italian 
sample but is significant mainly in the high pay-off case. The Italian results, however, confirm the 
behavior already observed in the Finnish sample and the existence of the MR-effect with both 
high and low pay-off cases. 

We have thus found evidence to confirm the results of the (pilot) study presented in Morre-
ale, Stoklasa, Collan and Lo Nigro (2016) that suggests the presence of a new phenomenon that 
we here call mean & range effect as an interpretation for this phenomenon.  We also present a 
more in-depth analysis of the existence of this effect and its prevalence in the research sample. 
Finally, we did not observe a significant difference between the results coming from MHL and 
MCL (p = 0.714), nor between those coming from MHH and MCH (p = 0.527). 
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3.3 Second Follow-up Study in the Czech Republic
To further validate the existence of the mean & range effect, another replication of the study 
was performed in the Czech Republic. Figure 4 presents the percentage of respondents from 
the Czech Republic who chose the safe option (A) over the same four types of items already 
discussed above in the presence of both low and high pay-offs. 

We can observe (see Figure 4) that a large number of the subjects (50.68% and 75.68%, in 
case of low and high pay-offs respectively) preferred the sure pay-off in connection with ML/H. 
With the representation, where the range of possible outcomes was included with the mean, 
i.e., MRL/H, the frequency of respondents, who chose the sure pay-off has decreased. In fact, 
43.24% and 54.05% of the subjects chose the sure pay-off. The difference between the results 
obtained for MH and those obtained for MRH is statistically significant (p = 0.006), while the 
decrease in the frequency of preference of the sure pay-off alternative from ML to MRL was not 
significant (p = 0.364). However, we can qualitatively confirm the behavior that was already 
observed in the two other countries. It is also worth noting that the drop in the frequency of 
choosing A (sure alternative) between the “mean” representation and “mean and continuous” 
representation is highly significant in the results from both Italy and the Czech Republic, in the 
case of high connected pay-offs.

Figure 4. Percentage of respondents from the Czech Republic (N=74), who chose the safe option (A) over the 
four items in case of low pay-offs (left side of the figure, grey bars) and high pay-offs (right side, black bars). Sta-
tistical significance of differences between the relative frequencies is depicted: p < 0.05 (*), p < 0.01 (**) and  
p < 0.001 (***).

When more complete information (than in MRL/H) is provided as a basis for decision-making, as 
in MHL/H and in MCL/H, we can again observe that people choose the risky alternative B less fre-
quently.  The difference between the results for MHL/H and those for MRL/H is statistically signif-
icant in case of low pay-offs and high pay-offs (p = 0.033 and p = 0.010 respectively). Similarly, 
the difference between results for MCL/H and those for MRL/H is statistically significant in the 
case of both the low and the high pay-offs (p = 0.033 and p = 0.017 respectively). Again, we did 
not observe a large difference between the results obtained for MHL/H and MCL/H in both cases 
of low and high pay-offs. This confirms the findings obtained in Italy and in Finland (p = 1.000 
and p = 0.857 respectively), suggesting that there is no difference between the histograms and 
probability density functions as a presentation format.  
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Again, the existence of the MR-effect is confirmed, mainly in the case of high pay-offs in this 
sample. Also, no significant difference was found between the frequency of choosing MHL and 
MCL and the same finding holds for the frequencies of choosing MHH and MCH. 

3.4 Overall Results From Merged Samples
To see the overall picture, we present the results for the whole sample (respondents from all 
three countries combined). Figure 5 represents the relative frequencies of preferring the sure 
pay-off (A) over the four types of items in the presence of both low pay-offs (187 respondents) 
and high pay-offs (132 respondents). We can see that the same pattern that is visible from the 
three data-sets separately also emerges from the merged data.

Figure 5. Percentage of respondents in the overall merged sample, who chose the safe option (A) over the four 
items in case of low pay-offs (left side of the figure, grey bars, N=187) and high pay-offs (right side, black bars, 
N=132). Statistical significance of differences between the relative frequencies is depicted: p < 0.05 (*), p < 0.01 
(**) and p < 0.001 (***).

Also in the overall data, a large number of the respondents (61.29% and 73.48% in case of low and high 
pay-offs respectively) preferred the sure pay-off in connection with ML/H. Using the representation for-
mat, where the range of possible outcomes was included with the mean, i.e., (MRL/H), increased risk-tak-
ing and 37.43% and 50.76% of the respondents (under low and high pay-offs respectively) chose the sure 
pay-off alternative. The differences between the percentage of participants who chose the sure pay-off 
in ML/H and in MRL/H are statistically highly significant (p < 0.001 for low pay-offs and p <0.001 in case 
of high pay-offs). For the overall data, the difference between the results coming from MHL/H and results 
coming from MRL/H is statistically significant in the case of low pay-offs and high pay-offs (p = 0.001 and 
p < 0.001 respectively). Similarly, the differences between the results coming from MCL/H and the results 
coming from MRL/H are statistically significant in the case of both low and high pay-offs (p < 0.001and 
p < 0.001 respectively). Finally, we did not observe a significant difference between the results coming 
from MHL/H and MCL/H in the case of both low and high pay-offs (p = 1 and p = 0.581 respectively). 

3.5 Discussion of the Results of the Frequency Analysis
To summarize the frequency analysis results, it can be stated that the representation format of a 
risky alternative can impact decision-making. The “information-poor” representation in terms of 
ML/H and “information-richer” representations MHL/H and MCL/H seem to motivate a non-negligible 
number of the decision-makers to prefer the sure pay-off alternative over the risky alternatives 
while the “intermediate” MRL/H representation of the “same” risky alternative results in the ma-
jority of the respondents to prefer the risky alternative over the sure pay-off. In other words, in 
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cases, where the decision-makers are presented with the expected value of the alternative and 
the range of its possible outcomes, they tend to more frequently choose the risky alternative over 
the sure-payoff alternative with the same expected value. This effect (MR-effect) was found in all 
three collected samples separately and from the overall merged data. 

More in detail, when information is presented in this way (MRL/H), our results seem to sug-
gest that people are more likely to show an “exaggerated confidence” in their ability to deter-
mine the outcome of an uncertain event (in line with Morreale, Stoklasa, Collan and Lo Nigro, 
2016), or possibly to focus on the opportunity of getting more than the expected pay-off and 
overlook, or disregard (either deliberately, or by assuming an incorrect underlying probabil-
ity distribution) the negative outcomes. Conversely, when information is provided in a more 
complete way, e.g., through the presentation of distributions (or their approximation by histo-
grams), it seems to be possible to ensure that decision-makers are more informed and are less 
likely to take risks (particularly if risk aversion is assumed).

Under the MRH representation, the motivation of choosing the risk alternative was exem-
plified by similar comments “I don´t know the distribution, so I want to take risk”, or “I don´t know 
the frequency of the gains, I could hope in a gain between the average value and the maximum value”, 
or “In average I can win the sure gain, but I have good probabilities to have higher values” (see Mor-
reale, Stoklasa, Collan and Lo Nigro (2016) for comments under the MRL representation). From 
the aforementioned comments, it seems that the respondents have a particular distribution of 
the outcomes in their mind or, even when they declare not to know the distribution, they hope 
in distributions that can provide them with high outcomes. In other words, decision-makers 
appear confident in predicting uncertain outcomes, and they might underestimate the likeli-
hood of bad outcomes.  

The illusion of control might thus manifest itself in the second stage of the interpretation 
of an MRL/H representation while supplying the unavailable information concerning the prob-
abilities of outcomes by something being the first stage of the process (a heuristics such as the 
assumption of a uniform distribution or just representing the probability of getting more by 
the relative cardinality of the interval of values higher than the expected payoff). Conversely, 
displaying the distribution of possible outcomes and thus providing more accurate informa-
tion, decision-makers appear to be more conscious about the risky situation and thus tend to 
prefer the sure payoff more frequently. 

Consistently, in both cases MHL/H and MCL/H, a large number of people chose the certain 
option, justifying this choice with comments like “The probability to have high gains is low”, or 
“High gains have low frequency”. In addition, the observed MR-effect seems to be stronger in the 
high pay-off setting. 

4 Person-by-person analysis of the results
Up to now, we have analyzed the frequency analysis results from the three samples and the 
overall merged data.  Since we have identified and confirmed the existence of a possible bias 
in decision making under risk that we have referred to as the mean & range effect, we will 
now concentrate on the individual respondents and analyze the results by focusing on the 
choice-patterns of each respondent by the use of contingency tables. This way we will be able 
to get a deeper insight into the existence of the proposed bias and its prevalence in the sam-
ple. We again show the results chronologically in the order in which they were obtained, i.e., 
results from Finland first (Table 2), followed by results from Italy (Table 3), and from the Czech 
Republic (Table 4). 
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4.1 Results of the Person-by-Person Analysis
Tables 2 – 4 report the frequencies of different choice-patterns (first column) for the following 
combinations of items:

• Low pay-offs: “mean” – “mean and range” – “mean and histogram”; this sequence is in the 
second column of all three tables and it is denoted ML-MRL-MHL  

• Low pay-offs: “mean” – “mean and range” – “mean and a probability density function”; this 
sequence is in the third column of all three tables and it is denoted ML-MRL-MCL    

• High pay-offs: “mean” – “mean and range” – “mean and histogram”; this sequence is in the 
fourth column of Tables 3 and 4 (answers for high pay-offs were not available for Finland, 
i.e., for Table 2), it is denoted MH-MRH-MHH

• High pay-offs: “mean” – “mean and range” – “mean and a probability density function”; 
this sequence is in the fifth column of Tables 3 and 4 (answers for high pay-offs were not 
available for Finland, i.e., for Table 2), it is denoted MH-MRH-MCH

Table 2. Results from Finland – frequencies of choice-patterns of respondents to the relevant combinations of 
items. The A-B-A pattern, where the MR-effect takes place is marked in grey.

CHOICE-PATTERN ML-MRL-MHL  ML-MRL-MCL    

A-A-A 14 14

A-A-B 2 2

A-B-A 13 13

A-B-B 10 10

B-A-A 3 2

B-A-B 1 2

B-B-A 6 5

B-B-B 6 7

Total 55 55

Table 3. Results from Italy – observed frequencies of choice-patterns of respondents to the relevant combinations 
of items. The A-B-A pattern, where the MR-effect takes place is marked in grey

CHOICE-PATTERN ML-MRL-MHL  ML-MRL-MCL    MH-MRH-MHH MH-MRH-MCH

A-A-A 11 11 21 21

A-A-B 2 2 3 3

A-B-A 9 12 13 13

A-B-B 16 13 4 4

B-A-A 3 4 2 3

B-A-B 3 2 1 0

B-B-A 4 3 8 4

B-B-B 10 12 6 10

Total 58 58 58 58

Table 2 summarizes the frequencies of the observed choice-patterns in the Finnish sample, 
where only the low-payoff setting was investigated. Even though low pay-offs were considered, 
the presence of the mean & range effect – found in the choice-pattern A-B-A  is the second most 
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frequently observed pattern with 23.64% of answers, after the “consistent risk aversion” (A-A-A) 
pattern. This confirms not only that the MR-effect is present in the Finnish sample, but that it 
also occurs rather frequently in the sample. 
It can be observed that people are more consistently risk-averse in the presence of high pay-
offs – the choice-pattern A-A-A is the most frequent one for the high pay-offs. The presence of 
the MR-effect is also more pronounced in the high-payoff setting, with A-B-A being the second 
most frequently observed choice-pattern (22.41% of observations). 

Table 3 reports the frequencies of the observed choice-patterns in the Italian sample. For 
low pay-offs, the most frequently observed choice-pattern is A-B-B, followed by the choice 
pattern B-B-B that indicates consistent risk-seeking and the choice-pattern A-A-A signaling 
consistent risk aversion. The choice-pattern A-B-A relevant for the MR-effect is the fourth most 
frequently observed pattern for the low pay-offs.  In the low-payoff setting, 15.51% and 20.69% of 
the respondents chose A-B-A in the ML-MRL-MHL and in the ML-MRL-MCL case respectively.

Finally, Table 4 reports the frequencies of the observed choice-patterns from the Czech 
Republic. It can be seen that in the presence of high pay-offs the choice pattern A-B-A, where 
the MR-effect takes place, is the second most frequently observed choice-pattern with an over 
20.55% relative frequency in the  MH-MRH-MHH case and an almost 22.97% relative frequency in 
the MH-MRH-MCH case. In the presence of low pay-offs, the MR-effect does not seem to be as fre-
quently present, only 8.22% of the respondents exhibit this choice-pattern in the ML-MRL-MHL 
case and around 12.33% in the ML-MRL-MCL case. This is a lower observed frequency than in the 
Finnish and in the Italian samples.

Table 4. Results from the Czech Republic – frequencies of choice-patterns of respondents to the relevant combi-
nation of items. The A-B-A pattern, where the MR-effect takes place is marked in grey

CHOICE-PATTERN ML-MRL-MHL  ML-MRL-MCL    MH-MRH-MHH MH-MRH-MCH

A-A-A 19 18 28 28

A-A-B 5 6 5 5

A-B-A 6 9 15 17

A-B-B 7 4 8 6

B-A-A 5 3 5 4

B-A-B 3 5 2 3

B-B-A 14 14 7 5

B-B-B 14 14 4 6

Total 73 73 74 74

We can confirm that the prevalence of the MR-effect is significant in the high pay-off setting 
with over 20% observed frequency in the Italian and the Czech samples.  The Finnish sample 
suggests that the phenomenon can be found with a similar frequency also in the low pay-off 
setting, a finding that is partially confirmed by the Italian data. In the Czech sample, the fre-
quency of occurrence of the phenomenon in the low pay-off setting is lower, but instances of 
it can still be found. 

4.2 Discussion of the Results of Person-by-Person Analysis 
The analysis performed in this section provides more insights into the existence of the MR-ef-
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fect. By focusing on individuals and their choice-patterns, we have determined the prevalence 
of the MR-effect (represented by the A-B-A choice-pattern) in the studied samples and thus 
obtained a reasonable estimate of the prevalence of this phenomenon in the population. Our 
results suggest that MR-effect may be present in one out of five persons, which is a frequency that 
certainly deserves attention. Since no distinction in terms of risk-attitudes of the people in our 
samples has been made, inferences concerning the rationality of the choice-patterns are im-
possible to make. Nevertheless, if we at least assume that the decision-makers are consistent 
(i.e. rationality defined as non-random choice), then the highest frequency of the A-A-A pat-
tern (i.e. consistent preference of the sure pay-off alternative over the risky one in all the MH-
MRH-MHH and MH-MRH-MCH cases) is to be expected. A consistent risk-seeking behavior would 
also be expected, yet it only manifests itself as a frequent choice pattern in the ML-MRL-MHL 
and ML-MRL-MCL cases in the Czech and Italian samples. For high pay-offs, the frequency of the 
occurrence of the MR-effect is higher than the one of consistent risk-seeking choice-patterns. 
Also, we should stress that the frequency of occurrence of the MR-effect is comparable with 
the frequency of the A-A-A choice-pattern in the Finnish and Italian samples in low pay-off 
items. It therefore seems that the MR-effect can be considered a deviation from consistent risk 
aversion, which is caused by a specific format of presentation of information concerning risk. 
However, to further explore the viability of this hypothesis, the analysis needs to be performed 
on a subset of the sample, which can be considered risk-averse. In the next section, we therefore 
introduce a method to define a fuzzy partitioning of the sample into subsamples with respect 
to the risk attitude of the respondents.

5 Fuzzy partition analysis of samples according to risk attitude
Finally, we expand and deepen the above analysis of the existence of the mean & range effect 
and its prevalence in the samples by splitting the samples into risk-seeking, risk-neutral, and 
risk-averse respondents. We can then analyze these subsamples to see, whether the occurrence 
of the MR-effect is linked with a specific risk attitude6. In order to do this, we either need to 
know the risk-attitude of the respondents and assume that it remains the same in all situa-
tions or (consistently with the within-decision-maker risk-attitude variability confirmed e.g. 
by Wu, Wu, Sun and Yang (2013))  we can define risk-aversion, risk-neutrality, and risk-seeking 
measures (rates) and allow each respondent to partially belong to the risk-neutral, risk-averse, 
and risk-seeking group at the same time. This partial belonging means, in other words, the 
introduction of a fuzzy partitioning of the sample into fuzzy subsets and the analysis of these 
fuzzy subsets. 

Let us first describe the methodology that underlies the creation of such a partitioning 
inspired by Morreale, Stoklasa and Talášek (2016) and using a similar notation. For details on 
the underlying theoretical concepts, see Dubois and Prade (2000) or Klir and Yuan (1995).

5.1 Fuzzy Partitioning 
Let H = {h1,…,hn} be the set of n respondents from the given country and Q = {q1,…,qm } be the 
set of all the items (questions) in the questionnaire provided to the respondents. In the Italian 
and Czech cases m =16 (8 low and 8 high pay-off items), and in the Finnish case m = 8 (only 8 
low pay-off items).

To define the fuzzy partitioning of the sample into the above mentioned three fuzzy sub-

6 Note, that for risk-neutral respondents the results should be interpreted with caution, as the choice between A 
and B is not a matter of rationality. Only the consistency of answers can be assessed.
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samples, we need a measure for the different risk attitudes of the respondents that is, measures 
for risk-seeking, risk-neutrality, and risk-aversion must be “defined”. We propose and use a 
relative frequency of different types of answers as a measure for the risk attitude, e.g., the rela-
tive frequency of the risk-neutral answers (AA or BB) of each respondent to the m question-
naire items is used as a measure of risk neutrality. For a respondent i we can thus define a 
risk-neutrality rate ri

0
as the number of AA or BB answers divided by m, symbolically  

ri
iAA or BB

m
0
=
#( ) , i=1,...,n. Analogously a risk-aversion rate can be defined for each respondent as 

 ri
A iA

m
=
#( ) , and arisk-seeking rate as ri

B iB
m

=
#( ) , i=1,...,n. 

Figure 6. A summary of the fuzzy partitioning of the Italian sample into risk-averse (green), risk-seeking (pink), 
and risk-neutral (black) respondents. Respondents h16 and h19 are fully risk-averse, respondent h13 is fully 
risk-neutral, all the other respondents exhibit partially two or more risk attitudes.

If we use these definitions, it holds that ri
0 + ri

A + ri
B = 1 for all  i = 1,…,n. This way a respondent 

i can either be considered fully risk-seeking (ri
0 = ri

A = 0 and ri
B = 1),  fully risk-averse (ri

0 = ri
B 

= 0 and ri
A = 1), fully risk-neutral (ri

A = ri
B = 0 and ri

0 = 1), or also representing two or all of 
these risk attitudes to a certain extent at the same time. Note that this way we do not need 
to set any thresholds to specify, if a person is a risk-seeker, risk-averse, or risk-neutral, but 
we allow for the coexistence of these risk attitudes in one person. Since this is the case, the 
subset of, e.g., risk-neutral respondents will be a fuzzy subset of H, which can be defined 
as H r

h
r
hn
n

0
1
0

1

0
�
�
�
�

�
�
�

| |, ..., . H⁰ represents the fuzzy set of risk-neutral respondents defined on the crisp 
set H. Analogously we can define the fuzzy set of risk-averse respondents as a fuzzy subset of  H as 
H A r

h
r
h

A
n
A

n
�
�
�
�

�
�
�

1
1
| |, ..., , and the fuzzy set of risk-seeking respondents H B r

h
r
h

B
n
B

n
�
�
�
�

�
�
�

1
1
| |, ..., . An example 

of the results of this process is summarized in Figure 6, where the membership degrees of the 
respondents to the respective fuzzy sets (partitions describing risk attitude) are represented 
in different colors (membership degrees are represented by the length of the bar in the given 
color). 

We can also define a fuzzy set representing a specific answering pattern (e.g., A-A-A) to 
a specific selection of items (e.g.,  ML-MRL-MHL) as ANSM MR MH

A A A
L L L

n
n

ans
h

ans
h� �

� � �
�
�
�

�
�
�

1
1
| |, ..., , where 

ansi = 1 if the choice-pattern of the respondent hi to the set of items,  ML-MRL-MHL is A-A-A and  
ansi = 0 otherwise, for all i = 1,…,n. Note, that ANSM MR MH

A A A
L L L− −
− −  is, in fact, a fuzzy set representation 

of a crisp set of respondents that apply the choice-pattern A-A-A to ML-MRL-MHL. The cardi-
nality of this fuzzy set Card ANS ansM MR MH

A A A
ii

n

L L L� �
� �

�� � �� 1
  represents the frequency with which 

the choice-pattern A-A-A was utilized in the given sample to answer to ML-MRL-MHL. If 
we are interested in checking this frequency in a specific fuzzy subset of the sample, 
say in the fuzzy set of risk-neutral respondents, we need to compute the cardinality of 
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H ANSM MR MH
A A A
L L L

n nr ans
h

r ans0
1
0

1
1

0
 � �

� �� � � min{ , } , ..., min{ , }| ||hn�
�
�

�
�
�

  We can compute the cardinality in the 
following way:

 Card min ,H ANS r ansM MR MH
A A A

i ii

n

L L L

0 0
1

 � �
� �

�� � � � �� .

Note that Card H ANSM MR MH
A A A
L L L

0
 � �

� �� �  no longer has the standard interpretation in terms of fre-
quency understood as the number of elements in the subset. This measure is a generalization 
of the standard (crisp) frequency computed as a sum of membership degrees of the elements 
in the fuzzy set. This means that it coincides with the standard notion of frequency if both H0 

and ANSM MR MH
A A A
L L L− −
− −  are crisp sets. Nevertheless, and keeping the above mentioned in mind, we 

will use the term “frequency” to denote this variable within the framework of this fuzzy analy-
sis. Other choice-patterns and fuzzy subsets of H can be treated in the same way. 

5.2 Results of the Analysis Performed on the Fuzzy Subsets Reflecting Risk-Attitude 
To get as comprehensive measures of risk-attitudes as possible, sixteen answers for each re-
spondent were required, hence only the Italian and the Czech samples were analyzed this way7. 
The results of the analysis based on the specific fuzzy subsets of respondents based on their risk 
attitude are presented in Tables 5 and 6.

Let us start with the subset of risk-neutrals. This subset represents over 15% of the Italian 
sample (cardinality-wise) and over 29% of the Czech sample. As it was pointed out in the foot-
note 6 above, the risk-neutral subset is difficult to assess, since risk-neutrality entails indiffer-
ence to risk and as such indifference between two alternatives with the same expected pay-off. 
What we can look for is the consistency of answers. We can see that for risk-neutrals the pat-
terns A-A-A, A-B-A, A-B-B, and B-B-B are the most frequent answering patterns in the low-pay-
off setting in the Italian sample, but in the Czech sample, A-B-A is not among the most frequent 
patterns for risk-neutral respondents. However, in both countries in connection with high pay-
offs the A-B-A pattern, associated with the MR-effect, is the second most frequently observed 
pattern. This suggests that the MR-effect is relevant also for risk-neutral decision-makers, as far 
as high pay-offs are considered. 

Table 5. Italian results – choice-patterns by risk attitude; presented values are Card( )H ANSs
q
p

 , where s 
represents the risk-attitude, p is the given choice-pattern, and q represents the set of items to which the answers 
were provided.

ML-MRL-MHL  ML-MRL-MCL    MH-MRH-MHH MH-MRH-MCH

risk-
neutral

risk-
seeking

risk-
averse

risk-
neutral

risk-
seeking

risk-
averse

risk-
neutral

risk-
seeking

risk-
averse

risk-
neutral

risk-
seeking

risk-
averse

A-A-A 2.8125 0.6250 7.5625 3.0000 0.5000 7.5000 6.1875 2.8750 11.9375 6.7500 2.7500 11.5000

A-A-B 0.6875 0.2500 1.0625 0.5000 0.3750 1.1250 1.5000 0.6250 0.8750 0.9375 0.7500 1.3125

A-B-A 2.9375 0.8750 5.1875 4.4375 1.5000 6.0625 3.3125 2.0625 7.6250 3.1250 2.1250 7.7500

A-B-B 4.5000 6.4375 5.0625 3.0000 5.8125 4.1875 1.1875 1.8750 0.9375 1.3750 1.8125 0.8125

B-A-A 0.5000 0.6250 1.8750 1.0625 0.7500 2.1875 0.9375 0.6250 0.4375 1.2500 0.7500 1.0000

7 Only 8 items concerning low-payoffs were used in the pilot study carried out in Finland. The fuzzy partitioning of 
this sample into fuzzy sets of risk-seeking, risk-neutral and risk-averse decision-makers was therefore not carried 
out.
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B-A-B 1.2500 0.6250 1.1250 0.6875 0.5000 0.8125 0.3125 0.1250 0.5625 0.0000 0.0000 0.0000

B-B-A 0.8750 1.2500 1.8750 0.3750 0.5625 1.0625 2.1250 3.0625 2.8125 1.6875 1.0625 1.2500

B-B-B 3.5625 4.4375 2.0000 4.0625 5.1250 2.8125 1.5625 3.8750 0.5625 2.0000 5.8750 2.1250

In the risk-seeking subsets that cardinality-wise represent over 29% of the Italian sample and 
over 26% of the Czech sample, one would expect the B-B-B pattern to be the most frequent, as it 
is in line with the risk-seeking behavior. This is the case for low pay-offs in the Czech Republic 
and also for the high pay-offs in the Italian sample. In connection with the low payoffs in the 
Italian sample, A-B-B is more frequent than B-B-B and surprisingly in the Czech high-pay-off 
setting A-B-A seems to be the most frequent answering pattern for risk-seekers, closely followed 
by A-A-A.

It must be noted, that counter-intuitively the consistently risk-averse A-A-A pattern is rather 
frequent for risk-seekers in both countries under high pay-offs. Since the results from Italy and 
the Czech Republic are not entirely consistent with each other, we can only conclude that there 
is a possibility that the mean & range effect is possibly an issue among risk-seekers under high 
pay-offs. In any case, examples that suggest the existence of the MR-effect can also be found in 
the risk-seeking population under high pay-offs.

Table 6. Czech results – choice-patterns by risk attitude; presented values are Card( )H ANSs
q
p

 , where s 
represents the risk-attitude, p is the given choice-pattern and q represents the set of items to which the answers 
were provided.

ML-MRL-MHL  ML-MRL-MCL    MH-MRH-MHH MH-MRH-MCH

risk-
neutral

risk-
seeking

risk-
averse

risk-
neutral

risk-
seeking

risk-
averse

risk-
neutral

risk-
seeking

risk-
averse

risk-
neutral

risk-
seeking

risk-
averse

A-A-A 4.3750 1.8125 12.8125 3.875 1.7500 12.375 4.5000 4.6250 18.8750 4.3750 4.7500 18.7500

A-A-B 0.5000 1.2500 3.2500 1.000 1.3125 3.6875 0.1250 1.6250 3.1250 0.2500 1.5000 3.2500

A-B-A 0.3750 1.7500 3.8750 1.0625 2.6250 5.3125 2.3125 4.7500 7.9375 2.6250 5.6250 8.7500

A-B-B 1.0625 2.7500 3.1875 0.3750 1.8750 1.7500 1.1875 3.3750 3.4375 0.8750 2.5000 2.6250

B-A-A 1.1250 1.0000 2.8750 0.0000 1.0000 2.0000 0.6250 1.4375 2.9375 0.7500 1.0625 2.1875

B-A-B 0.0625 1.4375 1.5000 1.1875 1.4375 2.3750 0.4375 0.7500 0.8125 0.3125 1.1250 1.5625

B-B-A 1.6250 4.7500 7.6250 1.9375 4.4375 7.6250 1.7500 2.7500 2.5000 0.4375 2.5625 2.0000

B-B-B 1.9375 6.6250 5.4375 1.6250 6.9375 5.4375 0.1250 2.3750 1.5000 1.4375 2.5625 2.0000

The population for which our results seem to be the most important is the group of risk-averse 
decision-makers, since A-B-A appears to be a deviation from consistent risk-aversion. The risk-
averse make also the largest subsets of the collected samples and cardinality-wise this group 
makes over 55% of the Italian sample and over 44% of the Czech sample. For risk-averse people, 
A-A-A can be considered to be the rational answering pattern. In line with this assumption, 
A-A-A is the most frequent answering pattern for the risk-averse decision-makers in Italy and 
in the Czech Republic in the case of both high and low pay-offs. Among the Italian risk-averse 
the second most frequent answering pattern is A-B-A regardless of the level of pay-off, for the 
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Czech risk-averse A-B-A is the second most frequent only in the high pay-off cases.  In the pres-
ence of high pay-offs, we have thus confirmed a clear existence of the MR-effect among the 
risk-averse decision-makers. This, we feel, is an important result, since the risk-averse seem to 
be the “most endangered” by information presentation formats that are capable of affecting 
their decision-making.

5.3 Discussion of the Analysis Performed on the Fuzzy Subsets of the Original Samples
For the purpose of the fuzzy-subset analysis, we have introduced measures of risk-aversion, 
risk-seeking and risk neutrality for the decision-makers based on a complete set of their 
choices within the 16-item questionnaire. This was done in order to capture possible “shades” 
of risk-attitudes and to capture occasional deviations from ideally consistent risk-attitudes. 
One of the most important reasons for the introduction of the partition of the sample into 
subsamples with respect to the risk-attitude of the decision-makers is the fact that standard ra-
tionality can be prescriptive (normative) only for risk-averse and risk-seeking decision-makers. 
Mainly in the cases where the expected pay-offs for the sure and risky alternatives are the same. 
It is therefore necessary to “extract” the risk-neutrals from the sample. 

This paper presents an exploratory study identifying the existence of a phenomenon 
(named mean & range effect) and two confirmatory replications of the research design (ex-
tended by the high-payoff cases). The results confirm that there is a specific form of present-
ing information concerning risk (the “mean and range”, MRL/H) under which over 20% of the 
respondents in the samples (and overall) choose a risky alternative even though they prefer a 
sure payoff in other instances of the same decision-making problem differing just by the risk 
presentation form, particularly in the case of high payoffs. This can be an issue in the risk-neu-
trals’ decision making (if consistency of choices, i.e. non-randomness, is assumed in indifferent 
cases); We have also found evidence of the occurrence of the phenomenon among risk-seekers. 
But most importantly the MR-effect is frequent among risk-averse decision-makers, who constitute 
the largest subgroup of the sample. The conditions for the deviation from a continuous risk-
averse behavior coincide with one of the most present forms of presentation of information 
concerning risk (Shapira, 1986). The MR-effect manifests itself when the decision-maker is pre-
sented with the expected value and range of possible values of a random variable as a summary 
of possible outcomes of this variable. Under this condition, the frequency of choosing a risky 
alternative over a sure pay-off one with the same expected value increases significantly in the 
sample. 

Although this paper presents the results of an exploratory study of the existence and preva-
lence of the MR-effect in the population, several plausible hypotheses can be formulated to ex-
plain the shift towards the preference of a risky alternative embodied by the effect. One possible 
explanation of the MR-effect might be that MRL/H is considered to be an incomplete-information 
representation of the situation by the decision-makers. Nevertheless, since the payoff range is 
suggested (note also, that in this research the alternatives resulted only in gains and losses are 
not considered), the decision-makers might see the opportunity of getting more which replaces the 
risk. A risky situation is thus perceived as a situation offering a possibility of getting more than 
the sure payoff (equal to the expected payoff of the risky option). Alternatively, since MRL/H does 
not present a complete-information representation of the situation, some of the decision-mak-
ers might have assumed a particular probability distribution (mostly incorrectly, e.g. a uniform 
one). Since the probability of getting more than the sure payoff (equal to the expected payoff 
of the risky option) is, e.g. under the assumption of a uniform probability distribution, higher 
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than the probability of getting less, this again replaces any previous risk measures and the risky 
alternative is chosen (since the expected payoff under the incorrectly assumed distribution 
seems higher than the declared one). This study was aimed at the identification of the MR-effect, 
the confirmation of its existence in different samples and the estimation of its prevalence in the 
population. The explanation of the underlying mechanisms (and thus the testing of the above 
suggested explanatory hypotheses) remains out of the scope of this paper.

The discovery of the MR-effect and its estimated 20% prevalence in the population also re-
quire attention from the perspective of information systems design. The techniques for the 
presentation of information concerning risk need to be studied further from the behavioral 
perspective. The same applies also to the research on the visualization of information under 
uncertainty. The effects and possible biases introduced by using specific methods in various 
contexts, such as capital budgeting methods, can most likely be much better understood also 
from the point of view of the effects they may have on decision-making behavior. 

6 Conclusion 
This research focuses on the study of how the format of presenting information about uncer-
tain outcomes affects decision-making when uncertainty is presented simply by a number, 
when uncertainty is presented in the form of confidence intervals or ranges of possible values, 
and when uncertainty is presented by a more complete presentation format (histograms and 
continuous distributions).

Our results, based on the survey administered to participants in Italy-Finland-Czech Re-
public, clearly show that the amount of information does affect decision-makers’ propensity to 
take risks. Specifically, we find that the propensity to take risks does not monotonically change 
with the amount of information presented. That is to say that we identified a specific change 
in risk propensity that occurs when the risky alternative is presented by its mean value and 
the range of its possible values. Adding or reducing information with respect to this setting 
increases the frequency of choosing the sure payoff alternative over its risky counterpart in the 
studied samples. Interestingly, when information concerning a risky alternative is presented 
in such a commonly used traditional way as by the expected value and the range of possible 
outcomes, we found that a smaller proportion of the sample chooses the sure alternative com-
pared to the case in which the risky alternative is represented either just by its expected value 
or in the form of a continuous distribution (or histogram).

We refer to this phenomenon as the mean & range effect (MR-effect). A roughly 20% preva-
lence of the MR-effect was found by conducting a respondent-by-respondent analysis for each 
country and this prevalence was also confirmed by the fuzzy subgroup analysis for the Italian 
and Czech samples. We have found that the population for which our results seem to be most 
important is the group of risk-averse decision-makers. However, the MR-effect is relevant also 
for both, risk-seeking and risk-neutral decision-makers, as far as high pay-offs are considered.

It can be noted that this finding suggests that there is a possibility to influence the outcome 
of a decision-making process, in the risk-neutral and risk-averse populations, by changing the 
information presentation format concerning risk (in this case to MRH), as long as consistent 
answering is assumed in the risk-neutral population. Moreover, the MR-effect is more pre-
dominant with higher sums of money involved. The implications of this finding are possibly 
extremely important – consider, for example, the field of investment decision-making, where 
the expected return and risk/variance are commonly used as a summary of the expected prof-
itability of an investment and can, according to these results, motivate risk-seeking choices 
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in some risk-averse decision-makers. The existence of the MR-effect, confirmed in this paper, 
suggests a possibility of a remarkable shift towards riskier investments, which might not be 
“voluntary”, from the decision-makers’ point of view, and as such can even be considered a 
manipulative practice. The existence of the MR-effect can also prove critical in the context of 
group decision-making under risk, where the choice of the form of presentation of informa-
tion concerning risky outcomes can influence the risk-appetite of some of the decision-makers.

Despite the fact that the existence of the MR-effect has been confirmed by the present study, 
and the prevalence of the effect in the population is significant enough to deserve attention, 
further studies explaining the mechanisms underlying the MR-effect and their implications on 
informed decision-making are interesting subjects for future research. At this point, it is clear 
that the standard tools of decision-making under risk and standard risk presentation tools 
might require a thorough behavioral validation. Some of the frequently used tools (e.g., the 
mean and range representation of risky alternatives) can be operating in a specific behavioral 
context and might be creating unintentional cognitive biases in the decision-making process. 
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Fuzzy real options models have gained importance in investment modelling due to their practi-
cality and easiness to implement and interpret. This paper introduces the center-of-gravity pay-off 
model for trapezoidal fuzzy numbers and compares it to the credibilistic and the original fuzzy pay-
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ers to use cash-flow intervals for scenario inputs. The approach will account for higher uncertainty 
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1. Introduction
This paper extends the studies of Kinnunen and Georgescu (2019) and Kinnunen and Collan 
(2009), which built a decision support tool for valuing revenue-enhancing and cost-reducing 
synergies in mergers and acquisitions, M&As, based on real options thinking and fuzzy real 
options models. The extension of this study includes allowing intervals for estimated cash-flow 
scenarios. We argue that this is an important and practical extension as synergies are typically 
exceptionally uncertain and difficult to value ex-ante in the screening stage of potential acqui-
sition targets.

Kinnunen and Georgescu (2019) considered three types of pay-off models: the original 
fuzzy pay-off model from Collan et al. (2009), hence FPOM, their subsequent credibilistic pay-
off model (Collan et al., 2012), hence Cred-POM, and the most recent center-of-gravity fuzzy 
pay-off model, hence CoG(-FPOM) of Borges et al. (2018; 2019). All the considered models are 
based on (net present values, NPV, of) cash-flow scenarios, where normally three scenarios are 
built, each scenario being represented by a single (crisp) NPV value. To allow higher uncer-
tainty and imprecision, we, firstly, present the CoG-FPOM in its new previously unpublished 
form for a trapezoidal fuzzy number; The solutions of a trapezoidal form had been before pub-
lished for the FPOM (Collan et al., 2009), as well as, for the Cred-POM (Collan et al, 2012), and 
we use them for comparison in a numerical M&A application. Luukka et al. (2019) propose 
a two-way transformation from CoG to the possibilistic mean used in FPOM. More precisely, 
they show how the possibilistic mean can be derived from CoG for trapezoidal and triangular 
fuzzy numbers and conversely, which may allow later extensions of the models. Secondly, R 
algorithms are constructed for the three types of models, and thirdly, it will be shown how 
to take into account interval-values for each of the three scenarios used as inputs for the pre-
sented trapezoidal real options models. Finally, numerical illustrations show how to obtain 
intervals for the real option values, ROVs, of M&A synergies. This presented way to calculate in-
terval-ROVs is more straightforward, but comparable, for example, with using interval-valued 
fuzzy numbers discussed in Mezei et al. (2018).

The fuzzy real options models have been recently under scrutiny and applied to a range 
of applications. The FPOM had been inspired by the probabilistic simulation-based Da-
tar-Mathews model (cf. Datar and Mathews, 2007; Mathews and Salmon, 2007; Mathews, 
2009), which was developed at the Boeing corporation and applied to the valuations of aircraft 
production projects. Results from FPOM has been shown to converge to the results of the Da-
tar-Mathews model (Kozlova et al., 2016). The FPOM has been earlier applied to various appli-
cation domains including also M&A context (cf. Collan and Kinnunen, 2009; 2011; Kinnunen 
and Collan, 2009; Kinnunen, 2010; Kinnunen and Georgescu, 2019). 

A credibilistic scenario-based portfolio model was introduced by Georgescu and Kinnu-
nen (2011) and applied to a venture capitalist’s start-up portfolio. This model later inspired 
the credibilistic real options model, Cred-POM (Collan et al., 2012), which has been applied 
to M&As in its triangular form (Kinnunen and Georgescu, 2019) and extended interval-valued 
triangular fuzzy numbers (Kinnunen and Georgescu, 2020).

Acquiring companies have several strategic opportunities in the corporate acquisition 
process. Mergers and acquisitions, M&As, and different types of joint ventures themselves are 
strategic investment opportunities. Further, strategic opportunities lie within potential ac-
quisition-target companies as stand-alones. All these can be framed as real options. We will 
consider the real options, which an acquiring company acquires through an acquisition, when 
its strategic and financial resources, both tangible and intangible, are combined with those of 
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a target company and developed during the integration process. These synergistic effects from 
an M&A transaction can be modelled and valued using real options valuation methods.

During a broadly defined due diligence process an acquirer searches and evaluates poten-
tial acquisition targets, which will support the after-transaction integration of the two com-
panies (Tsao, 2008). Already at a screening stage, an acquirer can identify several synergy real 
options, which will potentially arise from a deal (Kinnunen and Collan, 2009). Potential syner-
gies of some type are one of the most important rationales behind M&A deals (Bruner, 2004a; 
2004b; Hitt, 2009; Dephamphilis, 2010; Sehleanu, 2015; Collan and Kinnunen, 2011)

Several authors have recently viewed synergies as real options (Bruner, 2004a; Kinnunen, 
2010; Collan and Kinnunen, 2011; Loukianova et al., 2017; Kinnunen and Georgescu, 2019). The 
synergies can be divided into operational and financial synergies the first ones arising through 
the development of operational activities, e.g. by utilizing economies of scale, enhanced pric-
ing power or growing sales in new or existing geographical markets, and the latter ones from 
combining the capital structures of the two merged companies to achieve, e.g. by increased 
borrowing capacity, decreased cost of capital or tax benefits (Baldi and Trigeorgies, 2009; De-
Pamphilis, 2010; Loukinova, 2017). Loukinova et al. (2017) further point out greater purchasing 
power, better capacity utilization and reduction of overlapping management as examples of 
cost-reducing synergies.  Collan and Kinnunen (2011) specify sources of revenue-enhancing 
synergies based on cross-selling and other combined selling potential and cost-reducing 
synergies in manufacturing, sourcing, R&D and general (S, G&A) costs. Growth options have 
sometimes been further separated from other revenue-enhancing options (Kester, 1984; Smit 
and Trigeorgis, 2006; Vishvanath, 2009; Kinnunen, 2010; Loukinova et al., 2017) Synergistic di-
vestitures or options to abandon non-core businesses or production units acquired together 
with the desired parts of the target company have been also presented in the M&A context 
(e.g. Alvarez, 1999; 2006; Collan and Kinnunen, 2009; 2011). Some other real options presented 
in the literature in the M&A context exist. For example, related to the timing of acquisitions, 
options to postpone/defer (McDonald & Siegel, 1986) a transaction (e.g. Collan and Kinnunen 
2009; 2011; Loukinova et al., 2017), as well as, options to switch (Kulatilaka & Trigeorgis, 1994) 
the operating processes and options to change the operating scale (Loukinova et al., 2017) may 
be available for an acquiring company.

The above discussed on synergies and the related real options is not complete and various 
others could be listed. To account for these and other synergy real options a simplified valuation 
framework for target company valuation can be presented as: 
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present value, NPV, of a target’s cash-flows as operating without integration with an acquirer 
and the latter component can further be divided into a number of synergy real options to be 
valued separately or together if the potential cash-flows from them are inter-dependent. After 
presenting different fuzzy real options models, the focus will be on the valuation of this 
synergy component in the application part of this paper. 
The rest of the paper is structured as follows. Section 2 will, firstly, present a new center-of-
gravity pay-off model in 2.1, then recall the original fuzzy pay-off model in 2.2 and its 
credibilistic version in 2.3. Then, section 2.4 will extend these three types of models into 
interval-valued models. Section 3 will present the illustrative M&A application and the paper 
is concluded in section 4. 
2. Fuzzy real option models with intervals 
The idea of the following fuzzy real options models is based on the Datar-Mathews method 
(Datar-Mathews, 2007), which implies that the real options value, ROV, is the weighted 
(probabilistic) average of the positive NPV outcomes, E(A+), of a pay-off distribution, A(x) 
(cf. Collan et al., 2009): 
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2. Fuzzy real option models with intervals
The idea of the following fuzzy real options models is based on the Datar-Mathews method 
(Datar-Mathews, 2007), which implies that the real options value, ROV, is the weighted (prob-
abilistic) average of the positive NPV outcomes, E(A+), of a pay-off distribution, A(x) (cf. Collan 
et al., 2009):

        
  

In the fuzzy real options models, the probabilistic average is replaced by the center-of-gravity 
expected value, ECoG-FPOM(A+), in section 2.1, by the fuzzy mean value, EFPOM(A+), in section 2.2, and 
by the credibilistic mean value, ECred-POM(A+), in section 2.3. Section 2.4 presents a further exten-
sion allowing intervals as inputs to the three types of models. Table 1 presents the modelling 
framework by the pseudo algorithm for the three model types. It is noted from table 1 that we 
will have five different cases for the three model types depending on the location of the NPV 
distribution with respect to zero, and the weight formula will be the same for all model types, 
but different in all cases, and only E(A+)s are model specific.

Table 1: Pseudo algorithm for the three types of fuzzy real options models
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have been also presented in the M&A context (e.g. Alvarez, 1999; 2006; Collan and 
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2.1. Center-of-gravity fuzzy pay-off model (CoG-FPOM)
Borges et al (2018; 2019) presented a center-of-gravity fuzzy pay-off model for a triangular 
fuzzy number. We introduce next the CoG-FPOM for a trapezoidal fuzzy number A using the 
membership function of the trapezoidal fuzzy number A (a, b, α, β) (Dubois and Prade, 1980; 
1988):

The center-of-gravity real option value is obtained by (cf. Borges et al. 2018; 2019):
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Fig. 1 Case 1, “all NPV is positive” 
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Figure 1 depicts the case 1, where the whole net-present-value distribution is above zero. In this 
case, the expected center-of-gravity value is simply the expected value of the whole distribu-
tion:

Fig. 1 Case 1, “all NPV is positive” 

The weight (area of the positive side divided by the positive side) must be 1 in case 1, i.e. 
Weight1 = 1. 
See appendix A for weight computations.
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Fig. 1 Case 1, “all NPV is positive” 

The weight (area of the positive side divided by the positive side) must be 1 in case 1, i.e. 
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See appendix A for weight computations. 
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In the fuzzy real options models, the probabilistic average is replaced by the center-of-gravity 
expected value, ECoG-FPOM(A+), in section 2.1, by the fuzzy mean value, EFPOM(A+), in section 
2.2, and by the credibilistic mean value, ECred-POM(A+), in section 2.3. Section 2.4 presents a 
further extension allowing intervals as inputs to the three types of models. Table 1 presents 
the modelling framework by the pseudo algorithm for the three model types. It is noted from 
table 1 that we will have five different cases for the three model types depending on the 
location of the NPV distribution with respect to zero, and the weight formula will be the same 
for all model types, but different in all cases, and only E(A+)s are model specific. 
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Figure 2 depicts the case 2, where part of the NPV distribution is negative, but a is on the posi-
tive side. Now, the expected value of the positive side gets the form:

Fig. 2 Case 2, “most NPV positive, but a- α negative”

The weight in case 2 becomes (cf. Appendix A):

Case 3,:
Figure 3 shows, how in case 3, the zero lies between the interval from a to b. The center-of-grav-
ity expected value of the positive side becomes:

Fig. 3 Case 3, “negative a, positive b”
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Fig. 1 Case 1, “all NPV is positive” 

The weight (area of the positive side divided by the positive side) must be 1 in case 1, i.e. 
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Fig. 1 Case 1, “all NPV is positive” 

 
The weight (area of the positive side divided by the positive side) must be 1 in case 1, i.e. 
𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡1 = 1. 
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Case 2, 𝑎𝑎−∝≤ 0 ≤ 𝑎𝑎: 
Figure 2 depicts the case 2, where part of the NPV distribution is negative, but a is on the 
positive side. Now, the expected value of the positive side gets the form: 
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Case 3, 𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 
Figure 3 shows, how in the case 3, the zero lies between the interval from a to b. The center-
of-gravity expected value of the positive side becomes: 
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The weight in case 3 is (cf. Appendix A):
Case 4, b ≤ 0 ≤ b + β :

Figure 4 shows the case 4, where the NPV distribution is mostly negative, but b+β is still posi-
tive. Now, the CoG-expected value is:

Fig. 4 Case 4, “most NPV negative, but b+β positive”

The weight in case 4 takes the form (cf. Appendix A):
Case 5, b + β ≤ 0::
In case 5, the whole distribution is negative as seen in Figure 5. In this case EC o G (A+) = 0.. 
Also (cf. Appendix A), Weight5 = 0.

Fig. 5 Case 5, “all NPV is negative”
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Case 5,	𝑏𝑏 + 𝛽𝛽 ≤ 0: 
In case 5, the whole distribution is negative as seen in Figure 5. In this case𝐸𝐸7+8(𝐴𝐴3) = 0. 
Also (cf. Appendix A), 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡E = 0. 

 
Fig. 5 Case 5, “all NPV is negative” 

The R algorithm solving all the above cases is shown in Figure 6. 

 
Fig. 6 R algorithm for CoG-FPOM 

2.2 Fuzzy pay-off model (FPOM) 
The original fuzzy pay-off model (Collan et al. 2009) introduced the FPOM formula: 
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The R algorithm solving all the above cases is shown in Figure 6.

Fig. 6 R algorithm for CoG-FPOM

2.2 Fuzzy pay-o  ff model (FPOM)
The original fuzzy pay-off model (Collan et al. 2009) introduced the FPOM formula:

where the possibilistic expected value, EFPOM(A+), for the positive side (x > 0) of the trapezoidal 
fuzzy number A, is to replace the expected value (cf. formulas (1) and (3)). 
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bilistic expected values of the fuzzy pay-off model, FPOM based on Zadeh’s possibility theory 
(Zadeh, 1965; 1978) and the fuzzy means of Carlsson and Fullér (2001) are calculated for the 
same five cases, similarly as with the CoG-FPOM, as follow from Collan et al. (2009).
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Fig. 5 Case 5, “all NPV is negative” 
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In this trivial case, the 𝐸𝐸FGHI(𝐴𝐴3) = 0, similarly, as with the CoG-FPOM. 
The R algorithm solving FPOM cases is shown in Figure 7. 

 
Fig. 7 R algorithm for FPOM 

2.3 Credibilistic pay-off model (Cred-POM) 
The credibilistic version of the fuzzy pay-off model has the following formula for the real 
option value (Collan et al. 2012): 

𝑅𝑅𝑅𝑅𝑅𝑅7#%( =
∫ /(1)(1!
"

∫ /(1)(1!
#!

∗ 𝐸𝐸7#%((𝐴𝐴3),   

              (16) 

8 
 

𝑅𝑅𝑅𝑅𝑅𝑅FGHI = ∫ /(1)(1!
"

∫ /(1)(1!
#!

∗ 𝐸𝐸FGHI(𝐴𝐴3),   

              (11) 
where the possibilistic expected value, EFPOM(A+), for the positive side (x > 0) of the 
trapezoidal fuzzy number A, is to replace the expected value (cf. formulas (1) and (3)).  
We again need to compute the five cases depending on the location of origin. The 
possibilistic expected values of the fuzzy pay-off model, FPOM based on Zadeh’s possibility 
theory (Zadeh, 1965; 1978) and the fuzzy means of Carlsson and Fullér (2001) are calculated 
for the same five cases, similarly as with the CoG-FPOM, as follow from Collan et al. (2009). 
Case 1, 0 ≤ 𝑎𝑎−∝: 

𝐸𝐸FGHI(𝐴𝐴3) = 𝐸𝐸FGHI(𝐴𝐴) =
"35
C
+ 6):

>
.   

             (12) 
Case 2,	𝑎𝑎−∝≤ 0 ≤ 𝑎𝑎: 

𝐸𝐸FGHI(𝐴𝐴3) =
"35
C
+ 6):

>
+ (∝)")+

>∝)
.   

              (13) 
Case 3,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 

𝐸𝐸FGHI(𝐴𝐴3) =
5
C
+ 6

>
.    

               (14) 
Case 4, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽: 

𝐸𝐸FGHI(𝐴𝐴3) =
(536)+

>6)
.    

               (15) 
Case 5,	𝑏𝑏 + 𝛽𝛽 ≤ 0: 
In this trivial case, the 𝐸𝐸FGHI(𝐴𝐴3) = 0, similarly, as with the CoG-FPOM. 
The R algorithm solving FPOM cases is shown in Figure 7. 

 
Fig. 7 R algorithm for FPOM 

2.3 Credibilistic pay-off model (Cred-POM) 
The credibilistic version of the fuzzy pay-off model has the following formula for the real 
option value (Collan et al. 2012): 

𝑅𝑅𝑅𝑅𝑅𝑅7#%( =
∫ /(1)(1!
"

∫ /(1)(1!
#!

∗ 𝐸𝐸7#%((𝐴𝐴3),   

              (16) 

(12)

(13)

(14)

(15)

(11)



NJB Vol. 69 , No. 1 (Spring 2020) Jani Kinnunen and Irina Georgescu

52

In this trivial case, the EFPOM (A+) = 0, s, similarly, as with the CoG-FPOM.
The R algorithm solving FPOM cases is shown in Figure 7.

Fig. 7 R algorithm for FPOM

2.3 Credibilistic pay-off model (Cred-POM)
The credibilistic version of the fuzzy pay-off model has the following formula for the real op-
tion value (Collan et al. 2012):

where the credibilistic expected value, ECred(A+), for the positive side (x > 0) of the trapezoidal 
fuzzy number A, enters the formula (cf. formulas (3) and (11)). 

The credibilistic pay-off model is built on the credibility theory of Liu (2004) and the cred-
ibilistic expected values of Liu and Liu (2002).

The credibilistic expected values, ECred (A+)s, of the pay-off model are again presented for 
the same five cases as with the above models. Now, following from Collan et al. (2012).
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where the credibilistic expected value, ECred(A+), for the positive side (x > 0) of the 
trapezoidal fuzzy number A, enters the formula (cf. formulas (3) and (11)).  
The credibilistic pay-off model is built on the credibility theory of Liu (2004) and the 
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Case 5,	𝑏𝑏 + 𝛽𝛽 ≤ 0: 
In this trivial case, the 𝐸𝐸7#%((𝐴𝐴3) = 0, similarly, as with the above other two models. 
The R algorithm solving Cred-POM cases is shown in Figure 8. 

 
Fig. 8 R algorithm for Cred-POM 

2.4 Interval-valued pay-off models (IV-POMs) 
The above-presented models can further be extended to account for intervals in the tails of a 
trapezoidal distribution as seen in Figure 9. The lower tail ranges from  𝑎𝑎 −∝? to 𝑎𝑎 −∝C and 
upper tail ranges from to 𝑏𝑏 + 𝛽𝛽C  to 𝑏𝑏 + 𝛽𝛽?   This accounts for higher imprecision and 
uncertainty than earlier models with highly practical use as shown in the next section with a 
corporate investment application. Interval-valued real options models have not been 
presented for trapezoidal distributions to the best of authors’ knowledge. We present a 
straightforward way to obtain a single-valued (crisp) real option value, ROV, in a trapezoidal 
setting. 
The interval-valued fuzzy sets introduced by Zadeh (1975) are generalizations of real-valued 
intervals. By definition, an interval-valued fuzzy set is a function defined on a set X whose 
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In this trivial case, the ECred (A+) = 0, similarly, as with the above other two models.
The R algorithm solving Cred-POM cases is shown in Figure 8.

Fig. 8 R algorithm for Cred-POM
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 to  
and upper tail ranges from to b + β2 to b + β1  This accounts for higher imprecision and uncer-
tainty than earlier models with highly practical use as shown in the next section with a corpo-
rate investment application. Interval-valued real options models have not been presented for 
trapezoidal distributions to the best of authors’ knowledge. We present a straightforward way 
to obtain a single-valued (crisp) real option value, ROV, in a trapezoidal setting.

The interval-valued fuzzy sets introduced by Zadeh (1975) are generalizations of real-val-
ued intervals. By definition, an interval-valued fuzzy set is a function defined on a set X whose 
values are closed intervals from [0, 1]. So, for each x
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values are closed intervals from [0, 1]. So, for each 𝑥𝑥 ∈ 𝑋𝑋 one associates an interval 𝐴𝐴(𝑥𝑥) =
[𝐴𝐴J(𝑥𝑥), 𝐴𝐴K(𝑥𝑥)] included in [0, 1]. 
𝐴𝐴J: 𝑋𝑋 → [0, 1] and 𝐴𝐴K: 𝑋𝑋 → [0, 1] will be fuzzy sets, called lower fuzzy set and upper fuzzy 
set of A. We notice that 𝐴𝐴J(𝑥𝑥) ≤ 𝐴𝐴K(𝑥𝑥), for each 𝑥𝑥 ∈ 𝑋𝑋. 
A particular case occurs, when 𝐴𝐴J and 𝐴𝐴K are fuzzy numbers. Then A will be called interval-
valued fuzzy number, IVFN. 
Several notions and properties can be extended from fuzzy numbers to interval-valued fuzzy 
numbers. So, the expected value of a fuzzy number, introduced by Carlsson and Fúller 
(2001), will be extended naturally. 
The expected value of an IVFN A is be defined by 𝐸𝐸LM(𝐴𝐴) =

?
C
[(𝐸𝐸T𝐴𝐴K U + 𝐸𝐸T𝐴𝐴J U], where 

𝐸𝐸T𝐴𝐴K U and T𝐴𝐴J U are the expected values of the fuzzy numbers 𝐴𝐴K  and 𝐴𝐴J , respectively. 
Similarly, the expected value of the positive part of an IVFN A is defined as:  

	𝐸𝐸LMT𝐴𝐴3 U =
?
C
[(𝐸𝐸(𝐴𝐴3

K) + 𝐸𝐸(𝐴𝐴3
J )].   

              (21) 
 

 
Fig. 9 Distribution tails as intervals 

Mezei et al (2018) computed the interval-valued ROV (IV-ROV) using their possibilistic 
pay-off model for triangular fuzzy numbers. We extend their model to trapezoidal forms and 
present them to all three considered types: CoG-FPOM, Cred-POM, and FPOM. In general 
form, the model can be formulated as in Mezei et al. (2018): 

𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼 = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡 ∗ 𝐴𝐴𝐴𝐴𝑊𝑊𝐴𝐴𝐴𝐴𝑊𝑊𝑊𝑊	𝑜𝑜𝑜𝑜	𝑊𝑊𝑥𝑥𝑒𝑒𝑊𝑊𝑒𝑒𝑡𝑡𝑊𝑊𝑒𝑒	𝑒𝑒𝑜𝑜𝑝𝑝𝑊𝑊𝑡𝑡𝑊𝑊𝐴𝐴𝑊𝑊	𝑁𝑁𝑁𝑁𝐼𝐼 

= ∫ (//(1)3/0(1))(1!
"

∫ (//(1)3/0(1))(1!
#!

∗ 𝐸𝐸LM(𝐴𝐴3),    

             (22) 
where A is the interval-valued fuzzy NPV and 𝐸𝐸LM(𝐴𝐴3) represents the mean of the positive 
side NPV defined in formula (21). The denominator ∫ 0.5(𝐴𝐴K(𝑥𝑥) + 𝐴𝐴J(𝑥𝑥))𝑒𝑒𝑥𝑥9

)9  computes 
the average total area below the membership function of upper, 𝐴𝐴K, and the lower, 𝐴𝐴J, fuzzy 
numbers, while the numerator ∫ 0.5(𝐴𝐴K(𝑥𝑥) + 𝐴𝐴J(𝑥𝑥))𝑒𝑒𝑥𝑥9

@  computes the corresponding 
average area of the positive side of A.   
We present the weights for different cases. The computations for weights are presented in 
Appendix A. It should be noted that we have now seven cases instead of the earlier five; now 
cases 2 and 6 are of a new type representing cases, where zero is within the interval of the 
lower tail, 𝐴𝐴 −∝?≤ 0 ≤ 𝐴𝐴 −∝C, or within the interval of the upper tail, 𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?, 
respectively. Cases 1 and 7 (corresponding to cases 1-5 in earlier sections) again are trivial 
with weights 1 and 0, respectively. 
Case 1, 0 ≤ 𝐴𝐴 −∝?: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡? = 1.     
               (23) 

Case 2,	𝐴𝐴 −∝?≤ 0 ≤ 𝐴𝐴 −∝C: 

X one associates an interval A(x) = [AL (x), 
AU (x)] included in [0, 1].

AL : X→[0,1] and AU : X→[0,1] will be fuzzy sets, called lower fuzzy set and upper fuzzy set of 
A. We notice that AL (x) ≤ AU (x), for each x
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where the credibilistic expected value, ECred(A+), for the positive side (x > 0) of the 
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"35
C
+ 6):

D
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5
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5
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              (20) 
Case 5,	𝑏𝑏 + 𝛽𝛽 ≤ 0: 
In this trivial case, the 𝐸𝐸7#%((𝐴𝐴3) = 0, similarly, as with the above other two models. 
The R algorithm solving Cred-POM cases is shown in Figure 8. 

 
Fig. 8 R algorithm for Cred-POM 

2.4 Interval-valued pay-off models (IV-POMs) 
The above-presented models can further be extended to account for intervals in the tails of a 
trapezoidal distribution as seen in Figure 9. The lower tail ranges from  𝑎𝑎 −∝? to 𝑎𝑎 −∝C and 
upper tail ranges from to 𝑏𝑏 + 𝛽𝛽C  to 𝑏𝑏 + 𝛽𝛽?   This accounts for higher imprecision and 
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intervals. By definition, an interval-valued fuzzy set is a function defined on a set X whose 
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Mezei et al (2018) computed the interval-valued ROV (IV-ROV) using their possibilistic pay-off 
model for triangular fuzzy numbers. We extend their model to trapezoidal forms and pres-
ent them to all three considered types: CoG-FPOM, Cred-POM, and FPOM. In general form, the 
model can be formulated as in Mezei et al. (2018):
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with weights 1 and 0, respectively. 
Case 1, 0 ≤ 𝐴𝐴 −∝?: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡? = 1.     
               (23) 

Case 2,	𝐴𝐴 −∝?≤ 0 ≤ 𝐴𝐴 −∝C: 
(23)

(24)

(25)

(26)

(27)

(22)
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𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡C=
#$)

)∝1
32&#)$'∝)'(1'())

C5)C"3∝1'∝)'(1'())

 .   

                         (24) 
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡; =
C53(1'()) )$

)

) A 1
∝1

3 1
∝)

B

C5)C"3∝1'∝)'(1'())

.    

             (25) 
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡D =
C53(1'())

C5)C"3∝1'∝)'(1'())

.    

             (26) 
Case 5, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽C: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡E =
(1'()

) 3C53&
)

) A 1
(1

3 1
()

B

C5)C"3∝1'∝)'(1'())

.    

             (27) 
Case 6,	𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡> =
(1
) 353 &)

)(1

C5)C"3∝1'∝)'(1'())

.    

             (28) 
Case 7,	𝑏𝑏 + 𝛽𝛽? ≤ 0: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡N = 0.     
               (29) 

To obtain the real options value, IV-ROV, the weight from formulas (23)-(29) is multiplied 
by the average of the positive NPV, 𝐸𝐸LM(𝐴𝐴3), which was computed as the arithmetic mean of 
the upper, 𝐴𝐴3

K, and the lower, 𝐴𝐴3
J , by equation (18). We utilize the earlier models and present 

the general formula highlighting the parameters of 𝐴𝐴3
K and  𝐴𝐴3

J : 
𝐸𝐸LM(𝐴𝐴3) =

?
C
Z𝐸𝐸[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)][,  

            (30) 
where the two averaged fuzzy numbers are determined by their center interval, a-b, and tail 
parameters ∝?, ∝C, 𝛽𝛽?, 𝛽𝛽C . The 𝐸𝐸LM(𝐴𝐴3)  will obtain different values for possibilistic, 
credibilistic, and center-of-gravity pay-off models. 
The computations for all cases (1-7) and the three types of models considered in this paper is 
straightforward by using the given weights of section 2.4 and using the given case-wise 
formulas of 𝐸𝐸(𝐴𝐴3)s of sections 2.1-2.3 to compute the arithmetic mean of the upper fuzzy 
number determined by ∝?  and 𝛽𝛽?  and the lower fuzzy number ∝C  and 𝛽𝛽C  as shown in 
equation (30). Multiplying the model-specific 𝐸𝐸LM(𝐴𝐴3) s from equation (30) by weights 
(equations 23-29), we obtain interval-valued real option valuation formulas for the three 
model types: 

𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7+8 = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸7+8(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7+8[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7+8[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (31) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7#%( = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸O#%((𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7#%([𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7#%([𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (32) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼FGHI = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸FGHI(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 

(23)
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values are closed intervals from [0, 1]. So, for each 𝑥𝑥 ∈ 𝑋𝑋 one associates an interval 𝐴𝐴(𝑥𝑥) =
[𝐴𝐴J(𝑥𝑥), 𝐴𝐴K(𝑥𝑥)] included in [0, 1]. 
𝐴𝐴J: 𝑋𝑋 → [0, 1] and 𝐴𝐴K: 𝑋𝑋 → [0, 1] will be fuzzy sets, called lower fuzzy set and upper fuzzy 
set of A. We notice that 𝐴𝐴J(𝑥𝑥) ≤ 𝐴𝐴K(𝑥𝑥), for each 𝑥𝑥 ∈ 𝑋𝑋. 
A particular case occurs, when 𝐴𝐴J and 𝐴𝐴K are fuzzy numbers. Then A will be called interval-
valued fuzzy number, IVFN. 
Several notions and properties can be extended from fuzzy numbers to interval-valued fuzzy 
numbers. So, the expected value of a fuzzy number, introduced by Carlsson and Fúller 
(2001), will be extended naturally. 
The expected value of an IVFN A is be defined by 𝐸𝐸LM(𝐴𝐴) =

?
C
[(𝐸𝐸T𝐴𝐴K U + 𝐸𝐸T𝐴𝐴J U], where 

𝐸𝐸T𝐴𝐴K U and T𝐴𝐴J U are the expected values of the fuzzy numbers 𝐴𝐴K  and 𝐴𝐴J , respectively. 
Similarly, the expected value of the positive part of an IVFN A is defined as:  

	𝐸𝐸LMT𝐴𝐴3 U =
?
C
[(𝐸𝐸(𝐴𝐴3

K) + 𝐸𝐸(𝐴𝐴3
J )].   

              (21) 
 

 
Fig. 9 Distribution tails as intervals 

Mezei et al (2018) computed the interval-valued ROV (IV-ROV) using their possibilistic 
pay-off model for triangular fuzzy numbers. We extend their model to trapezoidal forms and 
present them to all three considered types: CoG-FPOM, Cred-POM, and FPOM. In general 
form, the model can be formulated as in Mezei et al. (2018): 

𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼 = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡 ∗ 𝐴𝐴𝐴𝐴𝑊𝑊𝐴𝐴𝐴𝐴𝑊𝑊𝑊𝑊	𝑜𝑜𝑜𝑜	𝑊𝑊𝑥𝑥𝑒𝑒𝑊𝑊𝑒𝑒𝑡𝑡𝑊𝑊𝑒𝑒	𝑒𝑒𝑜𝑜𝑝𝑝𝑊𝑊𝑡𝑡𝑊𝑊𝐴𝐴𝑊𝑊	𝑁𝑁𝑁𝑁𝐼𝐼 

= ∫ (//(1)3/0(1))(1!
"

∫ (//(1)3/0(1))(1!
#!

∗ 𝐸𝐸LM(𝐴𝐴3),    

             (22) 
where A is the interval-valued fuzzy NPV and 𝐸𝐸LM(𝐴𝐴3) represents the mean of the positive 
side NPV defined in formula (21). The denominator ∫ 0.5(𝐴𝐴K(𝑥𝑥) + 𝐴𝐴J(𝑥𝑥))𝑒𝑒𝑥𝑥9

)9  computes 
the average total area below the membership function of upper, 𝐴𝐴K, and the lower, 𝐴𝐴J, fuzzy 
numbers, while the numerator ∫ 0.5(𝐴𝐴K(𝑥𝑥) + 𝐴𝐴J(𝑥𝑥))𝑒𝑒𝑥𝑥9

@  computes the corresponding 
average area of the positive side of A.   
We present the weights for different cases. The computations for weights are presented in 
Appendix A. It should be noted that we have now seven cases instead of the earlier five; now 
cases 2 and 6 are of a new type representing cases, where zero is within the interval of the 
lower tail, 𝐴𝐴 −∝?≤ 0 ≤ 𝐴𝐴 −∝C, or within the interval of the upper tail, 𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?, 
respectively. Cases 1 and 7 (corresponding to cases 1-5 in earlier sections) again are trivial 
with weights 1 and 0, respectively. 
Case 1, 0 ≤ 𝐴𝐴 −∝?: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡? = 1.     
               (23) 

Case 2,	𝐴𝐴 −∝?≤ 0 ≤ 𝐴𝐴 −∝C: 
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To obtain the real options value, IV-ROV, the weight from formulas (23)-(29) is multiplied by 
the average of the positive NPV, EIV (A+), which was computed as the arithmetic mean of the 
upper, , and the lower, , by equation (18). We utilize the earlier models and present the general 
formula highlighting the parameters of 

11 
 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡C=
#$)

)∝1
32&#)$'∝)'(1'())

C5)C"3∝1'∝)'(1'())

 .   

                         (24) 
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡; =
C53(1'()) )$

)

) A 1
∝1

3 1
∝)

B

C5)C"3∝1'∝)'(1'())

.    

             (25) 
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡D =
C53(1'())

C5)C"3∝1'∝)'(1'())

.    

             (26) 
Case 5, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽C: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡E =
(1'()

) 3C53&
)

) A 1
(1

3 1
()

B

C5)C"3∝1'∝)'(1'())

.    

             (27) 
Case 6,	𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡> =
(1
) 353 &)

)(1

C5)C"3∝1'∝)'(1'())

.    

             (28) 
Case 7,	𝑏𝑏 + 𝛽𝛽? ≤ 0: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡N = 0.     
               (29) 

To obtain the real options value, IV-ROV, the weight from formulas (23)-(29) is multiplied 
by the average of the positive NPV, 𝐸𝐸LM(𝐴𝐴3), which was computed as the arithmetic mean of 
the upper, 𝐴𝐴3

K, and the lower, 𝐴𝐴3
J , by equation (18). We utilize the earlier models and present 

the general formula highlighting the parameters of 𝐴𝐴3
K and  𝐴𝐴3

J : 
𝐸𝐸LM(𝐴𝐴3) =

?
C
Z𝐸𝐸[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)][,  

            (30) 
where the two averaged fuzzy numbers are determined by their center interval, a-b, and tail 
parameters ∝?, ∝C, 𝛽𝛽?, 𝛽𝛽C . The 𝐸𝐸LM(𝐴𝐴3)  will obtain different values for possibilistic, 
credibilistic, and center-of-gravity pay-off models. 
The computations for all cases (1-7) and the three types of models considered in this paper is 
straightforward by using the given weights of section 2.4 and using the given case-wise 
formulas of 𝐸𝐸(𝐴𝐴3)s of sections 2.1-2.3 to compute the arithmetic mean of the upper fuzzy 
number determined by ∝?  and 𝛽𝛽?  and the lower fuzzy number ∝C  and 𝛽𝛽C  as shown in 
equation (30). Multiplying the model-specific 𝐸𝐸LM(𝐴𝐴3) s from equation (30) by weights 
(equations 23-29), we obtain interval-valued real option valuation formulas for the three 
model types: 

𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7+8 = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸7+8(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7+8[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7+8[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (31) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7#%( = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸O#%((𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7#%([𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7#%([𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (32) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼FGHI = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸FGHI(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 

 and 
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𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡C=
#$)

)∝1
32&#)$'∝)'(1'())

C5)C"3∝1'∝)'(1'())

 .   

                         (24) 
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡; =
C53(1'()) )$

)

) A 1
∝1

3 1
∝)

B

C5)C"3∝1'∝)'(1'())

.    

             (25) 
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡D =
C53(1'())

C5)C"3∝1'∝)'(1'())

.    

             (26) 
Case 5, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽C: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡E =
(1'()

) 3C53&
)

) A 1
(1

3 1
()

B

C5)C"3∝1'∝)'(1'())

.    

             (27) 
Case 6,	𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡> =
(1
) 353 &)

)(1

C5)C"3∝1'∝)'(1'())

.    

             (28) 
Case 7,	𝑏𝑏 + 𝛽𝛽? ≤ 0: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡N = 0.     
               (29) 

To obtain the real options value, IV-ROV, the weight from formulas (23)-(29) is multiplied 
by the average of the positive NPV, 𝐸𝐸LM(𝐴𝐴3), which was computed as the arithmetic mean of 
the upper, 𝐴𝐴3

K, and the lower, 𝐴𝐴3
J , by equation (18). We utilize the earlier models and present 

the general formula highlighting the parameters of 𝐴𝐴3
K and  𝐴𝐴3

J : 
𝐸𝐸LM(𝐴𝐴3) =

?
C
Z𝐸𝐸[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)][,  

            (30) 
where the two averaged fuzzy numbers are determined by their center interval, a-b, and tail 
parameters ∝?, ∝C, 𝛽𝛽?, 𝛽𝛽C . The 𝐸𝐸LM(𝐴𝐴3)  will obtain different values for possibilistic, 
credibilistic, and center-of-gravity pay-off models. 
The computations for all cases (1-7) and the three types of models considered in this paper is 
straightforward by using the given weights of section 2.4 and using the given case-wise 
formulas of 𝐸𝐸(𝐴𝐴3)s of sections 2.1-2.3 to compute the arithmetic mean of the upper fuzzy 
number determined by ∝?  and 𝛽𝛽?  and the lower fuzzy number ∝C  and 𝛽𝛽C  as shown in 
equation (30). Multiplying the model-specific 𝐸𝐸LM(𝐴𝐴3) s from equation (30) by weights 
(equations 23-29), we obtain interval-valued real option valuation formulas for the three 
model types: 

𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7+8 = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸7+8(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7+8[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7+8[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (31) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7#%( = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸O#%((𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7#%([𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7#%([𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (32) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼FGHI = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸FGHI(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 

 :

where the two averaged fuzzy numbers are determined by their center interval, a-b, and tail 
parameters ∝1, ∝2, β1, β2. The EIV (A+) will obtain different values for possibilistic, credibilistic, 
and center-of-gravity pay-off models.

The computation for all cases (1-7) and the three types of models considered in this paper 
is straightforward by using the given weights of section 2.4 and using the given case-wise for-
mulas of E (A+)s of sections 2.1-2.3 to compute the arithmetic mean of the upper fuzzy number 
determined by ∝1 and β1 and the lower fuzzy number ∝2 and β2 as shown in equation (30). Mul-
tiplying the model-specific EIV (A+)s from equation (30) by weights (equations 23-29), we obtain 
interval-valued real option valuation formulas for the three model types:

Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value IV -  ROVCoG. 
The first part of (31) is the weight. This will be determined by the location of the expected NPV 
distribution. The appropriate weight is simply picked up from formulas (23)-(29). 

The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers  
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∗ ?
C
[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

.  The upper fuzzy number, Au, is determined specifically by 
parameters ∝1 and β1, in addition to the support a-b. From figure 9, it is seen that the NPV dis-
tribution ranging from a -∝1 to b - β1 (representing Au) has wider tails on both on the downside 
and the upside than the other distribution, which ranges from a -∝2 to b - β2 (representing AL). 
Thus, the upper number is always above (or the same) as the lower number. Thus, when the NPV 
is not fully positive (case 1), then the AU with wider tails will be the first one to be truncated for 
the calculation of the expected NPV pay-offs 
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∗ ?
C
[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

 and 
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[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

, which needs to be aver-
aged. The IV-ROV formulas are obtained accordingly for the credibilistic (32) and possibilistic 
models (33). 

(28)

(29)

(30)

(31)

(32)

(33)
(34)

11 
 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡C=
#$)

)∝1
32&#)$'∝)'(1'())

C5)C"3∝1'∝)'(1'())

 .   

                         (24) 
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡; =
C53(1'()) )$

)

) A 1
∝1

3 1
∝)

B

C5)C"3∝1'∝)'(1'())

.    

             (25) 
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡D =
C53(1'())

C5)C"3∝1'∝)'(1'())

.    

             (26) 
Case 5, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽C: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡E =
(1'()

) 3C53&
)

) A 1
(1

3 1
()

B

C5)C"3∝1'∝)'(1'())

.    

             (27) 
Case 6,	𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡> =
(1
) 353 &)

)(1

C5)C"3∝1'∝)'(1'())

.    

             (28) 
Case 7,	𝑏𝑏 + 𝛽𝛽? ≤ 0: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡N = 0.     
               (29) 

To obtain the real options value, IV-ROV, the weight from formulas (23)-(29) is multiplied 
by the average of the positive NPV, 𝐸𝐸LM(𝐴𝐴3), which was computed as the arithmetic mean of 
the upper, 𝐴𝐴3

K, and the lower, 𝐴𝐴3
J , by equation (18). We utilize the earlier models and present 

the general formula highlighting the parameters of 𝐴𝐴3
K and  𝐴𝐴3

J : 
𝐸𝐸LM(𝐴𝐴3) =

?
C
Z𝐸𝐸[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)][,  

            (30) 
where the two averaged fuzzy numbers are determined by their center interval, a-b, and tail 
parameters ∝?, ∝C, 𝛽𝛽?, 𝛽𝛽C . The 𝐸𝐸LM(𝐴𝐴3)  will obtain different values for possibilistic, 
credibilistic, and center-of-gravity pay-off models. 
The computations for all cases (1-7) and the three types of models considered in this paper is 
straightforward by using the given weights of section 2.4 and using the given case-wise 
formulas of 𝐸𝐸(𝐴𝐴3)s of sections 2.1-2.3 to compute the arithmetic mean of the upper fuzzy 
number determined by ∝?  and 𝛽𝛽?  and the lower fuzzy number ∝C  and 𝛽𝛽C  as shown in 
equation (30). Multiplying the model-specific 𝐸𝐸LM(𝐴𝐴3) s from equation (30) by weights 
(equations 23-29), we obtain interval-valued real option valuation formulas for the three 
model types: 

𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7+8 = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸7+8(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7+8[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7+8[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (31) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7#%( = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸O#%((𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7#%([𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7#%([𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (32) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼FGHI = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸FGHI(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 

11 
 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡C=
#$)

)∝1
32&#)$'∝)'(1'())

C5)C"3∝1'∝)'(1'())

 .   

                         (24) 
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡; =
C53(1'()) )$

)

) A 1
∝1

3 1
∝)

B

C5)C"3∝1'∝)'(1'())

.    

             (25) 
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡D =
C53(1'())

C5)C"3∝1'∝)'(1'())

.    

             (26) 
Case 5, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽C: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡E =
(1'()

) 3C53&
)

) A 1
(1

3 1
()

B

C5)C"3∝1'∝)'(1'())

.    

             (27) 
Case 6,	𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡> =
(1
) 353 &)

)(1

C5)C"3∝1'∝)'(1'())

.    

             (28) 
Case 7,	𝑏𝑏 + 𝛽𝛽? ≤ 0: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡N = 0.     
               (29) 

To obtain the real options value, IV-ROV, the weight from formulas (23)-(29) is multiplied 
by the average of the positive NPV, 𝐸𝐸LM(𝐴𝐴3), which was computed as the arithmetic mean of 
the upper, 𝐴𝐴3

K, and the lower, 𝐴𝐴3
J , by equation (18). We utilize the earlier models and present 

the general formula highlighting the parameters of 𝐴𝐴3
K and  𝐴𝐴3

J : 
𝐸𝐸LM(𝐴𝐴3) =

?
C
Z𝐸𝐸[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)][,  

            (30) 
where the two averaged fuzzy numbers are determined by their center interval, a-b, and tail 
parameters ∝?, ∝C, 𝛽𝛽?, 𝛽𝛽C . The 𝐸𝐸LM(𝐴𝐴3)  will obtain different values for possibilistic, 
credibilistic, and center-of-gravity pay-off models. 
The computations for all cases (1-7) and the three types of models considered in this paper is 
straightforward by using the given weights of section 2.4 and using the given case-wise 
formulas of 𝐸𝐸(𝐴𝐴3)s of sections 2.1-2.3 to compute the arithmetic mean of the upper fuzzy 
number determined by ∝?  and 𝛽𝛽?  and the lower fuzzy number ∝C  and 𝛽𝛽C  as shown in 
equation (30). Multiplying the model-specific 𝐸𝐸LM(𝐴𝐴3) s from equation (30) by weights 
(equations 23-29), we obtain interval-valued real option valuation formulas for the three 
model types: 

𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7+8 = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸7+8(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7+8[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7+8[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (31) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7#%( = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸O#%((𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7#%([𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7#%([𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (32) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼FGHI = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸FGHI(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 

11 
 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡C=
#$)

)∝1
32&#)$'∝)'(1'())

C5)C"3∝1'∝)'(1'())

 .   

                         (24) 
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡; =
C53(1'()) )$

)

) A 1
∝1

3 1
∝)

B

C5)C"3∝1'∝)'(1'())

.    

             (25) 
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡D =
C53(1'())

C5)C"3∝1'∝)'(1'())

.    

             (26) 
Case 5, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽C: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡E =
(1'()

) 3C53&
)

) A 1
(1

3 1
()

B

C5)C"3∝1'∝)'(1'())

.    

             (27) 
Case 6,	𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡> =
(1
) 353 &)

)(1

C5)C"3∝1'∝)'(1'())

.    

             (28) 
Case 7,	𝑏𝑏 + 𝛽𝛽? ≤ 0: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡N = 0.     
               (29) 

To obtain the real options value, IV-ROV, the weight from formulas (23)-(29) is multiplied 
by the average of the positive NPV, 𝐸𝐸LM(𝐴𝐴3), which was computed as the arithmetic mean of 
the upper, 𝐴𝐴3

K, and the lower, 𝐴𝐴3
J , by equation (18). We utilize the earlier models and present 

the general formula highlighting the parameters of 𝐴𝐴3
K and  𝐴𝐴3

J : 
𝐸𝐸LM(𝐴𝐴3) =

?
C
Z𝐸𝐸[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)][,  

            (30) 
where the two averaged fuzzy numbers are determined by their center interval, a-b, and tail 
parameters ∝?, ∝C, 𝛽𝛽?, 𝛽𝛽C . The 𝐸𝐸LM(𝐴𝐴3)  will obtain different values for possibilistic, 
credibilistic, and center-of-gravity pay-off models. 
The computations for all cases (1-7) and the three types of models considered in this paper is 
straightforward by using the given weights of section 2.4 and using the given case-wise 
formulas of 𝐸𝐸(𝐴𝐴3)s of sections 2.1-2.3 to compute the arithmetic mean of the upper fuzzy 
number determined by ∝?  and 𝛽𝛽?  and the lower fuzzy number ∝C  and 𝛽𝛽C  as shown in 
equation (30). Multiplying the model-specific 𝐸𝐸LM(𝐴𝐴3) s from equation (30) by weights 
(equations 23-29), we obtain interval-valued real option valuation formulas for the three 
model types: 

𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7+8 = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸7+8(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7+8[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7+8[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (31) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼7#%( = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸O#%((𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 
∗ ?
C
[𝐸𝐸7#%([𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸7#%([𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (32) 
𝐼𝐼𝐼𝐼-𝑅𝑅𝑅𝑅𝐼𝐼FGHI = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% ∗ 𝐼𝐼𝐼𝐼-𝐸𝐸FGHI(𝐴𝐴3) = 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡O"&% 

(29)
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∗ ?
C
[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

(30)
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Case 1, 0 ≤ a -∝1:
According to equation (23), the weight is one and the ROV formula is determined only 
by  and  and they are both fully positive. Thus, both ones are represented by case 1 formula 
(4): 

12 
 

∗ ?
C
[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

AUwas determined by parameters ∝1 and β1  and they 
must replace ∝  and β  in formula (4). The expected NPV of the upper number becomes    

12 
 

∗ ?
C
[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

Similarly, as the AL is determined by ∝2 and β2, the lower 
fuzzy number’s expected NPV becomes 

12 
 

∗ ?
C
[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

 

12 
 

∗ ?
C
[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

Accordingly, for the cred-
ibilistic (34) and possibilistic (36) models. The ROV formulas become:

Case 2, a -∝1 ≤ 0 ≤a -∝2::
Formula (24) gives the needed weight. Now, AU will have partly negative tail (a -∝1≤ 0) , but is 
fully positive (0 ≤ a -∝2). Thus, AL is represented by formula (4) for the center-of-gravity model, 
just like above in case 1, its expected NPV is ; 
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∗ ?
C
[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

 AU is represented by formula (5) and 
substituting ∝1 and β1  into it gives us 
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∗ ?
C
[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

. Accordingly, for the credibilistic (38) 
and possibilistic models (39). Multiplying by the weight the average expected positive side re-
turns gives the ROVs:
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∗ ?
C
[𝐸𝐸FGHI[𝐴𝐴3

K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)] + 𝐸𝐸FGHI[𝐴𝐴3
J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C)]]  

            (33) 
Analytical interval-valued ROV formulas can be presented by straightforward step-by-step 
computations. We consider formula (31), i.e. the center-of-gravity real option value 𝐼𝐼𝐼𝐼-
𝑅𝑅𝑅𝑅𝐼𝐼7+8 .  The first part of (31) is the weight. This will be determined by the location of the 
expected NPV distribution. The appropriate weight is simply picked up from formulas (23)-
(29).  
The second part of (31) is an arithmetic average of the positive side of two fuzzy numbers 
𝐴𝐴3
K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?)  and 𝐴𝐴3

J (𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C) .  The upper fuzzy number, 𝐴𝐴K  , is determined 
specifically by parameters ∝? and	𝛽𝛽?, in addition to the support a-b. From figure 9, it is seen 
that the NPV distribution ranging from 𝑎𝑎 −∝? to 𝑏𝑏 − 𝛽𝛽? (representing 𝐴𝐴K ) has wider tails on 
both on the downside and the upside than the other distribution, which ranges from 𝑎𝑎 −∝C to 
𝑏𝑏 − 𝛽𝛽C (representing 𝐴𝐴J ). Thus, the upper number is always above (or the same) as the lower 
number. Thus, when the NPV is not fully positive (case 1), then the 𝐴𝐴K  with wider tails will 
be the first one to be truncated for the calculation of the expected NPV pay-offs 𝐸𝐸7+8(𝐴𝐴3

K) 
and 𝐸𝐸7+8(𝐴𝐴3

J ), which needs to be averaged. Each case obtains different formula. The IV-
ROV formulas are obtained according for the credibilistic (32) and possibilistic models (33).  
Case 1, 0 ≤ 𝑎𝑎 −∝?: 
According to equation (23), the weight is one and the ROV formula is determined only by 
𝐸𝐸7+8(𝐴𝐴3

K) and 𝐸𝐸7+8(𝐴𝐴3
J ) and they are both fully positive. Thus, both ones are represented by 

case 1 formula (4): 𝐸𝐸7+8T𝐴𝐴 U = 6)):)3;(":356)3;<5))")=
>(5)")3;(∝36)

.   𝐴𝐴K  was determined by 
parameters ∝? and	𝛽𝛽? and they must replace ∝  and	𝛽𝛽  in formula (4). The expected NPV of 

the upper number becomes 𝐸𝐸7+8(𝐴𝐴3
K) = 61

)):1)3;(":13561)3;<5))")=
>(5)")3;(:1361)

.   Similarly, as the 𝐴𝐴J  is 
determined by ∝C  and 	𝛽𝛽C , the lower number’s expected NPV becomes 𝐸𝐸7+8(𝐴𝐴3

K) =
𝛽𝛽2

2−𝛼𝛼2
2+3<𝑎𝑎𝛼𝛼2+𝑏𝑏𝛽𝛽2=+3(𝑏𝑏2−𝑎𝑎2)
6(𝑏𝑏−𝑎𝑎)+3<𝛼𝛼2+𝛽𝛽2=

.   Accordingly, for the credibilistic (34) and possibilistic (36) models. The 
ROV formulas become: 

 
1 ∗ 		

1
2 ]
𝛽𝛽?

C − 𝛼𝛼?C + 3(𝑎𝑎𝛼𝛼? + 𝑏𝑏𝛽𝛽?) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼? + 𝛽𝛽?)

														

+
𝛽𝛽C

C − 𝛼𝛼CC + 3(𝑎𝑎𝛼𝛼C + 𝑏𝑏𝛽𝛽C) + 3(𝑏𝑏C − 𝑎𝑎C)
6(𝑏𝑏 − 𝑎𝑎) + 3(𝛼𝛼C + 𝛽𝛽C)

a. 

 (34) 

from Eq. (23) Eq. (4) & (4)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
4 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
4 )d 

 (35) 

from Eq. (23) Eq. (17) & (17)   
1 
∗ 		
1
2 b(

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? − 𝛼𝛼?
6 ) + (

𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽C − 𝛼𝛼C
6 )d 

 (36) 

from Eq. (23) Eq. (12) & (12)   
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
Formula (24) gives the needed weight. Now, 𝐴𝐴K  will have partly negative tail (𝑎𝑎 −∝?≤ 0) , 
but 𝐴𝐴J is fully positive (0 ≤ 𝑎𝑎 −∝C). Thus, 𝐴𝐴J  is represented by formula (4) for the center-
of-gravity model, just like above in case 1, its expected NPV is 𝐸𝐸345(𝐴𝐴67) =
8!

!9:!!6;(<:!6=8!)6;>=!9<!?
@(=9<)6;(:!68!)

;  𝐴𝐴K  is represented by formula (5) and substituting ∝? and	𝛽𝛽? into it 

gives us 9<
"6;=!∝#6;=8#∝#68#

!∝#
9@<!6@=∝#6;=∝#

. Accordingly, for the credibilistic (38) and possibilistic models 
(39). Multiplying by the weight the average expected positive side returns gives the ROVs: 

13 
 

−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		?

C
[)"

+3;5)∝13;561∝1361
)∝1

);")3>5∝13;61∝1
+

6)
))∝))3;("∝)356))3;<5))")=

>(5)")3;(∝)36))
]   

 (37) 

from Eq. (24) Eq. (5) & (4)   
−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
 [5
C
+ ")

D∝1
+ 61

D
 +"35

C
+ 6))∝)

D
]  (38) 

from Eq. (24) Eq. (18) & (17)   
−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
["35

C
+ 61)∝1

>
+ (∝1)")+

>∝1)
+ "35

C
+ 6))∝)

>
]  (39) 

from Eq. (24) Eq. (13) & (12)   
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 
Equation (25) gives the weight. Both fuzzy numbers 𝐴𝐴K and 𝐴𝐴J have part of their tail 
negative. So, they are both represented by formula (5) (like 𝐴𝐴K  above in case 2) for the 
center-of-gravity model. Accordingly, for the credibilistic (41) and possibilistic (42) models. 
Substituting ∝? and	𝛽𝛽?for 𝐴𝐴K   ∝C and	𝛽𝛽C for 𝐴𝐴J , gives the ROV formulas: 

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
−𝑎𝑎; + 3𝑏𝑏C ∝?+ 3𝑏𝑏𝛽𝛽? ∝?+ 𝛽𝛽?

C ∝?

−3𝑎𝑎C + 6𝑏𝑏 ∝?+ 3𝛽𝛽? ∝?

+
−𝑎𝑎; + 3𝑏𝑏C ∝C+ 3𝑏𝑏𝛽𝛽C ∝C+ 𝛽𝛽C

C ∝C

−3𝑎𝑎C + 6𝑏𝑏 ∝C+ 3𝛽𝛽C ∝C
] 

 (40) 

from Eq. (25) Eq. (5) & (5)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
[5
C
+ ")

D∝1
+ 61

D
++ 5

C
+ ")

D∝)
+ 6)

D
]  (41) 

from Eq. (25) Eq. (18) & (18)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? −∝?

6 +
(∝?− 𝑎𝑎);

6 ∝?
C +

𝑎𝑎 + 𝑏𝑏
2

+
𝛽𝛽C −∝C

6 +
(∝C− 𝑎𝑎);

6 ∝C
C ] 

 (42) 

from Eq. (25) Eq. (13) & (13)   
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 
Equation (26) gives the weight. Both fuzzy numbers are represented by formula (7) for the 
center-of-gravity model and, accordingly, for the credibilistic (44) and possibilistic (45) 
models. After substituting ∝?  and 	𝛽𝛽? for 𝐴𝐴K   ∝C  and 	𝛽𝛽C  for 𝐴𝐴J , the ROV formulas are 
obtained: 

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 ∗ 		
1
2 ]
3𝑏𝑏C + 3𝑏𝑏𝛽𝛽? + 𝛽𝛽?

C

6𝑏𝑏 + 3𝛽𝛽?

+
3𝑏𝑏C + 3𝑏𝑏𝛽𝛽C + 𝛽𝛽C

C

6𝑏𝑏 + 3𝛽𝛽C
a. 

 (43) 

from Eq. (26) Eq. (7) & (7)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 b(

𝑏𝑏
2 +

𝛽𝛽?
4 ) + (

𝑏𝑏
2 +

𝛽𝛽C
4 )d 

 (44) 

13 
 

−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		?

C
[)"

+3;5)∝13;561∝1361
)∝1

);")3>5∝13;61∝1
+

6)
))∝))3;("∝)356))3;<5))")=

>(5)")3;(∝)36))
]   

 (37) 

from Eq. (24) Eq. (5) & (4)   
−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
 [5
C
+ ")

D∝1
+ 61

D
 +"35

C
+ 6))∝)

D
]  (38) 

from Eq. (24) Eq. (18) & (17)   
−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
["35

C
+ 61)∝1

>
+ (∝1)")+

>∝1)
+ "35

C
+ 6))∝)

>
]  (39) 

from Eq. (24) Eq. (13) & (12)   
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 
Equation (25) gives the weight. Both fuzzy numbers 𝐴𝐴K and 𝐴𝐴J have part of their tail 
negative. So, they are both represented by formula (5) (like 𝐴𝐴K  above in case 2) for the 
center-of-gravity model. Accordingly, for the credibilistic (41) and possibilistic (42) models. 
Substituting ∝? and	𝛽𝛽?for 𝐴𝐴K   ∝C and	𝛽𝛽C for 𝐴𝐴J , gives the ROV formulas: 

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
−𝑎𝑎; + 3𝑏𝑏C ∝?+ 3𝑏𝑏𝛽𝛽? ∝?+ 𝛽𝛽?

C ∝?

−3𝑎𝑎C + 6𝑏𝑏 ∝?+ 3𝛽𝛽? ∝?

+
−𝑎𝑎; + 3𝑏𝑏C ∝C+ 3𝑏𝑏𝛽𝛽C ∝C+ 𝛽𝛽C

C ∝C

−3𝑎𝑎C + 6𝑏𝑏 ∝C+ 3𝛽𝛽C ∝C
] 

 (40) 

from Eq. (25) Eq. (5) & (5)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
[5
C
+ ")

D∝1
+ 61

D
++ 5

C
+ ")

D∝)
+ 6)

D
]  (41) 

from Eq. (25) Eq. (18) & (18)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? −∝?

6 +
(∝?− 𝑎𝑎);

6 ∝?
C +

𝑎𝑎 + 𝑏𝑏
2

+
𝛽𝛽C −∝C

6 +
(∝C− 𝑎𝑎);

6 ∝C
C ] 

 (42) 

from Eq. (25) Eq. (13) & (13)   
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 
Equation (26) gives the weight. Both fuzzy numbers are represented by formula (7) for the 
center-of-gravity model and, accordingly, for the credibilistic (44) and possibilistic (45) 
models. After substituting ∝?  and 	𝛽𝛽? for 𝐴𝐴K   ∝C  and 	𝛽𝛽C  for 𝐴𝐴J , the ROV formulas are 
obtained: 

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 ∗ 		
1
2 ]
3𝑏𝑏C + 3𝑏𝑏𝛽𝛽? + 𝛽𝛽?

C

6𝑏𝑏 + 3𝛽𝛽?

+
3𝑏𝑏C + 3𝑏𝑏𝛽𝛽C + 𝛽𝛽C

C

6𝑏𝑏 + 3𝛽𝛽C
a. 

 (43) 

from Eq. (26) Eq. (7) & (7)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 b(

𝑏𝑏
2 +

𝛽𝛽?
4 ) + (

𝑏𝑏
2 +

𝛽𝛽C
4 )d 

 (44) 

Case 3, a -∝2≤ 0 ≤ a:
Equation (25) gives the weight. Both fuzzy numbers AU and  AL  have part of their tail negative. So, 
they are both represented by formula (5) (like AU above in case 2) for the center-of-gravity model. 
Accordingly, for the credibilistic (41) and possibilistic (42) models. Substituting ∝1 and β1  for  AU  
∝2 and β2  for AL, gives the ROV formulas:
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Case 4, a ≤ 0 ≤ b :
Equation (26) gives the weight. Both fuzzy numbers are represented by formula (7) for the 
center-of-gravity model and, accordingly, for the credibilistic (44) and possibilistic (45) mod-
els. After substituting ∝1 and β1 for AU  ∝2 and β2 for AL, the ROV formulas are obtained:

Case 5, b ≤ 0 ≤ b + β2: 
Equation (27) gives the weight. Both fuzzy numbers are represented by formula (9) for the 
center-of-gravity model. Accordingly, for the credibilistic (47) and possibilistic models (48). 
The ROV formulas become:

Case 6, b + β2  ≤ 0 ≤ b+ β1:
Equation (28) gives the weight. AU has a partly positive tail (0 ≤ b+ β1) and AL is fully negative. 
The upper fuzzy number is represented by formula (9) (like above in case 5) for the center-of-
gravity model; the lower fuzzy number’s expected NPV is 0. Accordingly, for the credibilistic 
(50) and possibilistic (51) models. The obtained ROV formulas are:

13 
 

−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		?

C
[)"

+3;5)∝13;561∝1361
)∝1

);")3>5∝13;61∝1
+

6)
))∝))3;("∝)356))3;<5))")=

>(5)")3;(∝)36))
]   

 (37) 

from Eq. (24) Eq. (5) & (4)   
−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
 [5
C
+ ")

D∝1
+ 61

D
 +"35

C
+ 6))∝)

D
]  (38) 

from Eq. (24) Eq. (18) & (17)   
−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
["35

C
+ 61)∝1

>
+ (∝1)")+

>∝1)
+ "35

C
+ 6))∝)

>
]  (39) 

from Eq. (24) Eq. (13) & (12)   
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 
Equation (25) gives the weight. Both fuzzy numbers 𝐴𝐴K and 𝐴𝐴J have part of their tail 
negative. So, they are both represented by formula (5) (like 𝐴𝐴K  above in case 2) for the 
center-of-gravity model. Accordingly, for the credibilistic (41) and possibilistic (42) models. 
Substituting ∝? and	𝛽𝛽?for 𝐴𝐴K   ∝C and	𝛽𝛽C for 𝐴𝐴J , gives the ROV formulas: 

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
−𝑎𝑎; + 3𝑏𝑏C ∝?+ 3𝑏𝑏𝛽𝛽? ∝?+ 𝛽𝛽?

C ∝?

−3𝑎𝑎C + 6𝑏𝑏 ∝?+ 3𝛽𝛽? ∝?

+
−𝑎𝑎; + 3𝑏𝑏C ∝C+ 3𝑏𝑏𝛽𝛽C ∝C+ 𝛽𝛽C

C ∝C

−3𝑎𝑎C + 6𝑏𝑏 ∝C+ 3𝛽𝛽C ∝C
] 

 (40) 

from Eq. (25) Eq. (5) & (5)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
[5
C
+ ")

D∝1
+ 61

D
++ 5

C
+ ")

D∝)
+ 6)

D
]  (41) 

from Eq. (25) Eq. (18) & (18)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? −∝?

6 +
(∝?− 𝑎𝑎);

6 ∝?
C +

𝑎𝑎 + 𝑏𝑏
2

+
𝛽𝛽C −∝C

6 +
(∝C− 𝑎𝑎);

6 ∝C
C ] 

 (42) 

from Eq. (25) Eq. (13) & (13)   
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 
Equation (26) gives the weight. Both fuzzy numbers are represented by formula (7) for the 
center-of-gravity model and, accordingly, for the credibilistic (44) and possibilistic (45) 
models. After substituting ∝?  and 	𝛽𝛽? for 𝐴𝐴K   ∝C  and 	𝛽𝛽C  for 𝐴𝐴J , the ROV formulas are 
obtained: 

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 ∗ 		
1
2 ]
3𝑏𝑏C + 3𝑏𝑏𝛽𝛽? + 𝛽𝛽?

C

6𝑏𝑏 + 3𝛽𝛽?

+
3𝑏𝑏C + 3𝑏𝑏𝛽𝛽C + 𝛽𝛽C

C

6𝑏𝑏 + 3𝛽𝛽C
a. 

 (43) 

from Eq. (26) Eq. (7) & (7)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 b(

𝑏𝑏
2 +

𝛽𝛽?
4 ) + (

𝑏𝑏
2 +

𝛽𝛽C
4 )d 

 (44) 

13 
 

−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		?

C
[)"

+3;5)∝13;561∝1361
)∝1

);")3>5∝13;61∝1
+

6)
))∝))3;("∝)356))3;<5))")=

>(5)")3;(∝)36))
]   

 (37) 

from Eq. (24) Eq. (5) & (4)   
−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
 [5
C
+ ")

D∝1
+ 61

D
 +"35

C
+ 6))∝)

D
]  (38) 

from Eq. (24) Eq. (18) & (17)   
−𝑎𝑎C
2 ∝?

+ 4𝑏𝑏 − 2𝑎𝑎 +∝C+ 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
["35

C
+ 61)∝1

>
+ (∝1)")+

>∝1)
+ "35

C
+ 6))∝)

>
]  (39) 

from Eq. (24) Eq. (13) & (12)   
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 
Equation (25) gives the weight. Both fuzzy numbers 𝐴𝐴K and 𝐴𝐴J have part of their tail 
negative. So, they are both represented by formula (5) (like 𝐴𝐴K  above in case 2) for the 
center-of-gravity model. Accordingly, for the credibilistic (41) and possibilistic (42) models. 
Substituting ∝? and	𝛽𝛽?for 𝐴𝐴K   ∝C and	𝛽𝛽C for 𝐴𝐴J , gives the ROV formulas: 

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
−𝑎𝑎; + 3𝑏𝑏C ∝?+ 3𝑏𝑏𝛽𝛽? ∝?+ 𝛽𝛽?

C ∝?

−3𝑎𝑎C + 6𝑏𝑏 ∝?+ 3𝛽𝛽? ∝?

+
−𝑎𝑎; + 3𝑏𝑏C ∝C+ 3𝑏𝑏𝛽𝛽C ∝C+ 𝛽𝛽C

C ∝C

−3𝑎𝑎C + 6𝑏𝑏 ∝C+ 3𝛽𝛽C ∝C
] 

 (40) 

from Eq. (25) Eq. (5) & (5)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
*   ?

C
[5
C
+ ")

D∝1
+ 61

D
++ 5

C
+ ")

D∝)
+ 6)

D
]  (41) 

from Eq. (25) Eq. (18) & (18)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2 − 𝑎𝑎C

2 e
1
∝?

+ 1
∝C
f

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
𝑎𝑎 + 𝑏𝑏
2 +

𝛽𝛽? −∝?

6 +
(∝?− 𝑎𝑎);

6 ∝?
C +

𝑎𝑎 + 𝑏𝑏
2

+
𝛽𝛽C −∝C

6 +
(∝C− 𝑎𝑎);

6 ∝C
C ] 

 (42) 

from Eq. (25) Eq. (13) & (13)   
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 
Equation (26) gives the weight. Both fuzzy numbers are represented by formula (7) for the 
center-of-gravity model and, accordingly, for the credibilistic (44) and possibilistic (45) 
models. After substituting ∝?  and 	𝛽𝛽? for 𝐴𝐴K   ∝C  and 	𝛽𝛽C  for 𝐴𝐴J , the ROV formulas are 
obtained: 

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 ∗ 		
1
2 ]
3𝑏𝑏C + 3𝑏𝑏𝛽𝛽? + 𝛽𝛽?

C

6𝑏𝑏 + 3𝛽𝛽?

+
3𝑏𝑏C + 3𝑏𝑏𝛽𝛽C + 𝛽𝛽C

C

6𝑏𝑏 + 3𝛽𝛽C
a. 

 (43) 

from Eq. (26) Eq. (7) & (7)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 b(

𝑏𝑏
2 +

𝛽𝛽?
4 ) + (

𝑏𝑏
2 +

𝛽𝛽C
4 )d 

 (44) 
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from Eq. (26) Eq. (19) & (19)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 b(

𝑏𝑏
2 +

𝛽𝛽?
6 ) + (

𝑏𝑏
2 +

𝛽𝛽C
6 )d 

 (45) 

from Eq. (26) Eq. (14) & (14)   
Case 5, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽C: 
Equation (27) gives the weight. Both fuzzy numbers are represented by formula (9) for the 
center-of-gravity model. Accordingly, for the credibilistic (47) and possibilistic models (48). 
The ROV formulas become: 

𝛽𝛽? + 𝛽𝛽C
2 + 2𝑏𝑏 + 𝑏𝑏C

2 g
1
𝛽𝛽?
+ 1
𝛽𝛽C
h

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
𝑏𝑏 + 𝛽𝛽?
3 +

𝑏𝑏 + 𝛽𝛽C
3 ] 

 (46) 

from Eq. (27) Eq. (9) & (9)   
𝛽𝛽? + 𝛽𝛽C

2 + 2𝑏𝑏 + 𝑏𝑏C
2 g

1
𝛽𝛽?
+ 1
𝛽𝛽C
h

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
𝑏𝑏
2 +

𝑏𝑏C

4𝛽𝛽?
+
𝛽𝛽?
4 +

𝑏𝑏
2 +

𝑏𝑏C

4𝛽𝛽C
+
𝛽𝛽C
4 ] 

 (47) 

from Eq. (27) Eq. (20) & (20)   
𝛽𝛽? + 𝛽𝛽C

2 + 2𝑏𝑏 + 𝑏𝑏C
2 g

1
𝛽𝛽?
+ 1
𝛽𝛽C
h

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
(𝑏𝑏 + 𝛽𝛽?);

6𝛽𝛽?
C +

(𝑏𝑏 + 𝛽𝛽C);

6𝛽𝛽C
C ] 

 (48) 

from Eq. (27) Eq. (15) & (15)   
Case 6,	𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?: 
Equation (28) gives the weight. 𝐴𝐴K  has a partly positive tail (0 ≤ 𝑏𝑏 + 𝛽𝛽?) and 𝐴𝐴J is fully 
negative. The upper fuzzy number is represented by formula (9) (like above in case 5) for the 
center-of-gravity model; the lower fuzzy number’s expected NPV is 0. Accordingly, for the 
credibilistic (50) and possibilistic (51) models. The obtained ROV formulas are: 

𝛽𝛽?
2 + 𝑏𝑏 + 𝑏𝑏C

2𝛽𝛽?
2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C

2
 
∗ 		
1
2 b
𝑏𝑏 + 𝛽𝛽?
3 d 

 (49) 

from Eq. (28) Eq. (9)   
𝛽𝛽?
2 + 𝑏𝑏 + 𝑏𝑏C

2𝛽𝛽?
2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C

2
 
∗ 		
1
2 [
𝑏𝑏
2 +

𝑏𝑏C

4𝛽𝛽?
+
𝛽𝛽?
4 ] 

 (50) 

from Eq. (28) Eq. (20)   
𝛽𝛽?
2 + 𝑏𝑏 + 𝑏𝑏C

2𝛽𝛽?
2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C

2
 
∗ 		
1
2 [
(𝑏𝑏 + 𝛽𝛽?);

6𝛽𝛽?
C ] 

 (51) 

from Eq. (28) Eq. (15)   
Case 7,	𝑏𝑏 + 𝛽𝛽? ≤ 0: 
Both fuzzy numbers are fully on the negative side. Thus, ROV = 0 for the three models. 
The ROV formulas were obtained for the center-of-gravity, credibilistic and possibilistic 
cases. The weights were the same for all three models in each case, but the utilized NPV 
formulas were different for each model. Appendix B summarizes the ROV formulas for all 
the presented interval-valued models. 
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from Eq. (26) Eq. (19) & (19)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 b(

𝑏𝑏
2 +

𝛽𝛽?
6 ) + (

𝑏𝑏
2 +

𝛽𝛽C
6 )d 

 (45) 

from Eq. (26) Eq. (14) & (14)   
Case 5, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽C: 
Equation (27) gives the weight. Both fuzzy numbers are represented by formula (9) for the 
center-of-gravity model. Accordingly, for the credibilistic (47) and possibilistic models (48). 
The ROV formulas become: 

𝛽𝛽? + 𝛽𝛽C
2 + 2𝑏𝑏 + 𝑏𝑏C

2 g
1
𝛽𝛽?
+ 1
𝛽𝛽C
h

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
𝑏𝑏 + 𝛽𝛽?
3 +

𝑏𝑏 + 𝛽𝛽C
3 ] 

 (46) 

from Eq. (27) Eq. (9) & (9)   
𝛽𝛽? + 𝛽𝛽C

2 + 2𝑏𝑏 + 𝑏𝑏C
2 g

1
𝛽𝛽?
+ 1
𝛽𝛽C
h

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
𝑏𝑏
2 +

𝑏𝑏C

4𝛽𝛽?
+
𝛽𝛽?
4 +

𝑏𝑏
2 +

𝑏𝑏C

4𝛽𝛽C
+
𝛽𝛽C
4 ] 

 (47) 

from Eq. (27) Eq. (20) & (20)   
𝛽𝛽? + 𝛽𝛽C

2 + 2𝑏𝑏 + 𝑏𝑏C
2 g

1
𝛽𝛽?
+ 1
𝛽𝛽C
h

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
(𝑏𝑏 + 𝛽𝛽?);

6𝛽𝛽?
C +

(𝑏𝑏 + 𝛽𝛽C);

6𝛽𝛽C
C ] 

 (48) 

from Eq. (27) Eq. (15) & (15)   
Case 6,	𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?: 
Equation (28) gives the weight. 𝐴𝐴K  has a partly positive tail (0 ≤ 𝑏𝑏 + 𝛽𝛽?) and 𝐴𝐴J is fully 
negative. The upper fuzzy number is represented by formula (9) (like above in case 5) for the 
center-of-gravity model; the lower fuzzy number’s expected NPV is 0. Accordingly, for the 
credibilistic (50) and possibilistic (51) models. The obtained ROV formulas are: 

𝛽𝛽?
2 + 𝑏𝑏 + 𝑏𝑏C

2𝛽𝛽?
2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C

2
 
∗ 		
1
2 b
𝑏𝑏 + 𝛽𝛽?
3 d 

 (49) 

from Eq. (28) Eq. (9)   
𝛽𝛽?
2 + 𝑏𝑏 + 𝑏𝑏C

2𝛽𝛽?
2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C

2
 
∗ 		
1
2 [
𝑏𝑏
2 +

𝑏𝑏C

4𝛽𝛽?
+
𝛽𝛽?
4 ] 

 (50) 

from Eq. (28) Eq. (20)   
𝛽𝛽?
2 + 𝑏𝑏 + 𝑏𝑏C

2𝛽𝛽?
2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C

2
 
∗ 		
1
2 [
(𝑏𝑏 + 𝛽𝛽?);

6𝛽𝛽?
C ] 

 (51) 

from Eq. (28) Eq. (15)   
Case 7,	𝑏𝑏 + 𝛽𝛽? ≤ 0: 
Both fuzzy numbers are fully on the negative side. Thus, ROV = 0 for the three models. 
The ROV formulas were obtained for the center-of-gravity, credibilistic and possibilistic 
cases. The weights were the same for all three models in each case, but the utilized NPV 
formulas were different for each model. Appendix B summarizes the ROV formulas for all 
the presented interval-valued models. 
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Case 7, b + β1  ≤ 0:
Both fuzzy numbers are fully on the negative side. Thus, ROV = 0 for the three models.

The ROV formulas were obtained for the center-of-gravity, credibilistic and possibilistic 
cases. The weights were the same for all three models in each case, but the utilized NPV for-
mulas were different for each model. Appendix B summarizes the ROV formulas for all the pre-
sented interval-valued models.

Next, the presented models are applied to potential synergies available for an acquiring 
company. 

3. M&A synergy application
Typically, M&A synergies can arise from either sales-increasing or cost-reducing cash-flow ef-
fects. Table 2 presents discounted (NPV) synergies estimated ex ante to be cumulated for years 
1-5. There are several ways to estimate synergy cash flows, but we have used the stepwise proce-
dure presented in Kinnunen and Georgescu (2019). Here, only the estimated intervals of cash 
flows are considered. 

Table 2: Sales and cost synergy cash-flow intervals

SALES SYNERGIES (USD ´000)

Year 1 2 3 4 5

Good case 174 –
192

357 –
394

531 –
587

709 –
783

914 –
1011

Base case -49 –
54

-98 –
108

-142 –
157

-186 –
205

-235 –
260

Bad case -68 –
-61

-132 –
-120

-188 –
-170

-241 –
-218

-298 –
-270

COST SYNERGIES (USD ’000)

Good case 153 –
169

314 –
347

467 –
517

624 –
689

805 –
889

Base case 117 –
129

234 –
259

341 –
377

446 –
493

564 –
624

Bad case 85 –
94

165 –
182

235 –
260

301 –
333

373 –
412

The year 5 cumulated cash flows are what are used as inputs for the real options models. Figure 
9 (not on scale) describes how the sales synergy cash-flow scenarios from Table 1 can be used to 

14 
 

from Eq. (26) Eq. (19) & (19)   

2𝑏𝑏 + 𝛽𝛽? + 𝛽𝛽C
2

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 b(

𝑏𝑏
2 +

𝛽𝛽?
6 ) + (

𝑏𝑏
2 +

𝛽𝛽C
6 )d 

 (45) 

from Eq. (26) Eq. (14) & (14)   
Case 5, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽C: 
Equation (27) gives the weight. Both fuzzy numbers are represented by formula (9) for the 
center-of-gravity model. Accordingly, for the credibilistic (47) and possibilistic models (48). 
The ROV formulas become: 

𝛽𝛽? + 𝛽𝛽C
2 + 2𝑏𝑏 + 𝑏𝑏C

2 g
1
𝛽𝛽?
+ 1
𝛽𝛽C
h

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
𝑏𝑏 + 𝛽𝛽?
3 +

𝑏𝑏 + 𝛽𝛽C
3 ] 

 (46) 

from Eq. (27) Eq. (9) & (9)   
𝛽𝛽? + 𝛽𝛽C

2 + 2𝑏𝑏 + 𝑏𝑏C
2 g

1
𝛽𝛽?
+ 1
𝛽𝛽C
h

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
𝑏𝑏
2 +

𝑏𝑏C

4𝛽𝛽?
+
𝛽𝛽?
4 +

𝑏𝑏
2 +

𝑏𝑏C

4𝛽𝛽C
+
𝛽𝛽C
4 ] 

 (47) 

from Eq. (27) Eq. (20) & (20)   
𝛽𝛽? + 𝛽𝛽C

2 + 2𝑏𝑏 + 𝑏𝑏C
2 g

1
𝛽𝛽?
+ 1
𝛽𝛽C
h

2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C
2

 
∗ 		
1
2 [
(𝑏𝑏 + 𝛽𝛽?);

6𝛽𝛽?
C +

(𝑏𝑏 + 𝛽𝛽C);

6𝛽𝛽C
C ] 

 (48) 

from Eq. (27) Eq. (15) & (15)   
Case 6,	𝑏𝑏 + 𝛽𝛽C ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽?: 
Equation (28) gives the weight. 𝐴𝐴K  has a partly positive tail (0 ≤ 𝑏𝑏 + 𝛽𝛽?) and 𝐴𝐴J is fully 
negative. The upper fuzzy number is represented by formula (9) (like above in case 5) for the 
center-of-gravity model; the lower fuzzy number’s expected NPV is 0. Accordingly, for the 
credibilistic (50) and possibilistic (51) models. The obtained ROV formulas are: 

𝛽𝛽?
2 + 𝑏𝑏 + 𝑏𝑏C

2𝛽𝛽?
2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C

2
 
∗ 		
1
2 b
𝑏𝑏 + 𝛽𝛽?
3 d 

 (49) 

from Eq. (28) Eq. (9)   
𝛽𝛽?
2 + 𝑏𝑏 + 𝑏𝑏C

2𝛽𝛽?
2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C

2
 
∗ 		
1
2 [
𝑏𝑏
2 +

𝑏𝑏C

4𝛽𝛽?
+
𝛽𝛽?
4 ] 

 (50) 

from Eq. (28) Eq. (20)   
𝛽𝛽?
2 + 𝑏𝑏 + 𝑏𝑏C

2𝛽𝛽?
2𝑏𝑏 − 2𝑎𝑎 + ∝?+∝C+ 𝛽𝛽? + 𝛽𝛽C

2
 
∗ 		
1
2 [
(𝑏𝑏 + 𝛽𝛽?);

6𝛽𝛽?
C ] 

 (51) 

from Eq. (28) Eq. (15)   
Case 7,	𝑏𝑏 + 𝛽𝛽? ≤ 0: 
Both fuzzy numbers are fully on the negative side. Thus, ROV = 0 for the three models. 
The ROV formulas were obtained for the center-of-gravity, credibilistic and possibilistic 
cases. The weights were the same for all three models in each case, but the utilized NPV 
formulas were different for each model. Appendix B summarizes the ROV formulas for all 
the presented interval-valued models. 
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form a trapezoidal distribution: The good case scenario interval of USD 914-1011 (thousands) 
is the estimated optimistic range, 914 corresponding to b+β2 and 1011 to b+β1 of the trapezoidal 
distribution. 

Fig. 10 Sales synergy scenarios as the trapezoidal distribution

The base case range of USD -235-260 (thousands) represents the support from a to b, and the 
pessimistic bad case interval of USD -298 - -270 corresponds to range from a-α1 to a-α2 of the 
trapezoidal distribution.

Figures 6, 7 and 8 presented the R algorithms for the real options models. We calculate the 
minimum and m aximum values of the intervals by keeping the support from a to b unchanged 
and using min(a-α) and min(b+β) for the minimum and max(a-α) and max(b+β) for the max-
imum of the intervals. Thus, for the minimum of the ROV interval, we use parameters a, b,  α = 
max(α1, α2), and β = min(β1, β2), and for the maximum of the interval, the same a and b, but α = 
min(α1, α2), and β = max(β1, β2), and call the real options functions: ROVcogCalculator(a, b, α, β), 
ROVcredpomCalculator(a, b, α, β),  and ROVfpomCalculator(a, b, α, β) to obtain the real options 
values. 

The center-of-gravity interval-valued real option value IV - ROVCoG is obtained using formu-
las (34) and (43) for cost and sales synergies, respectively The formulas for IV - ROVCred and IV 
- ROVFPOM are (35) and (36) for cost synergies and (44) and (45) for sales synergies, respectively. 
The interval-valued models give single crisp value ROVs, which lie within the minimum and 
maximum ROV ranges. 

In this situation of case 3, a ≤ 0 ≤ b, we obtain the following intervals for the real option 
values, ROVs, of sales synergies:

CoG-FPOM: USD 222.737 – USD 253.863
Cred-POM: USD 201.857 – USD 227.399
FPOM: USD 164.374 – USD 182.611.

By accounting for the mean of the interval-valued real options (corresponding case 4 of inter-
val-pay-off models), we obtain the following interval-valued IV-ROVs, of sales synergies:

IV-CoG-FPOM: USD 238.178
IV-Cred-POM: USD 214.543
IV-FPOM: USD 173.448
Similarly, the ROVs for the cost synergies seen on the bottom part of Table 1 corresponding 

to the case 1:

CoG-FPOM: USD 590.870 – USD 629.562
Cred-POM: USD 591.500 – USD 622.250

15 
 

Next, the presented models are applied to potential synergies available for an acquiring 
company.  
3. M&A synergy application 
Typically, M&A synergies can arise from either sales-increasing or cost-reducing cash-flow 
effects. Table 2 presents discounted (NPV) synergies estimated ex ante to be cumulated for 
years 1-5. There are several ways to estimate synergy cash flows, but we have used the 
stepwise procedure presented in Kinnunen and Georgescu (2019). Here, only the estimated 
intervals of cash flows are considered.  

Table 2: Sales and cost synergy cash-flow intervals 
Sales synergies (USD ´000) 

Year 1 2 3 4 5 

Good case 174 – 
192 

357 – 
394 

531 – 
587 

709 – 
783 

914 – 
1011 

Base case -49 – 
54 

-98 – 
108 

-142 – 
157 

-186 – 
205 

-235 – 
260 

Bad case -68 – 
-61 

-132 – 
-120 

-188 – 
-170 

-241 – 
-218 

-298 – 
-270 

Cost synergies (USD ’000) 

Good case 153 – 
169 

314 – 
347 

467 – 
517 

624 – 
689 

805 – 
889 

Base case 117 – 
129 

234 – 
259 

341 – 
377 

446 – 
493 

564 – 
624 

Bad case 85 – 
94 

165 – 
182 

235 – 
260 

301 – 
333 

373 – 
412 

 
The year 5 cumulated cash flows are what are used as inputs for the real options models. 
Figure 9 (not on scale) describes how the sales synergy cash-flow scenarios from Table 1 can 
be used to form a trapezoidal distribution: The good case scenario interval of USD 914-1011 
(thousands) is the estimated optimistic range, 914 corresponding to b+β2 and 1011 to b+β1 of 
the trapezoidal distribution.  

 
Fig. 10 Sales synergy scenarios as the trapezoidal distribution 

The base case range of USD -235-260 (thousands) represents the support from a to b, and the 
pessimistic bad case interval of USD -298 - -270 correspond to range from a-α1 to a-α2 of the 
trapezoidal distribution. 
Figures 6, 7 and 8 presented the R algorithms for the real options models. We calculate the 
minimum and maximum values of the intervals by keeping the support from a to b 
unchanged and using min(a-α) and min(b+β) for the minimum and max(a-α) and max(b+β) 
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FPOM: USD 592.333 – USD 612.833

Again, we can further compute the means of the interval-valued IV-ROVs, of cost synergies:
IV-CoG-FPOM: USD 610.216
IV-Cred-POM: USD 606.875
IV-FPOM: USD 602.583

We notice that the sales synergy ROVs of case 3 are ordered: CoG-FPOM > Cred-POM > FPOM in 
all cases and for both lower and upper bound of the ROVs and there is about USD 60-70 thou-
sand difference between the most pessimistic and the most optimistic ROVs of CoG-FPOM and 
the original fuzzy pay-off model, FPOM, while Cred-POM gives values in between. This implies 
that the use of CoG-POM can lead to accepting corporate acquisitions, if synergy expectations 
are critical, easier than the use of the other two methods. Similar ordering is seen for the opti-
mistic scenarios of ROVs of the cost synergies, but with the most pessimistic scenarios the order 
is reversed; however, the differences are very small in the cost synergy case, where all estimated 
scenarios were positive. 

4. Conclusions
This paper, firstly, introduced a trapezoidal version of the recently published center-of-gravity 
fuzzy pay-off model, CoG-FPOM, for real option valuation. Secondly, the original fuzzy pay-off 
model, FPOM, and its credibilistic version, Cred-POM, were recalled. Thirdly, R code was pro-
vided for the first time for trapezoidal forms of the CoG-FPOM, FPOM, as well as, Cred-POM. 
Fourthly, interval-valued versions for the three types of models were built allowing using in-
tervals also for the distribution tails to account for even higher uncertainty and imprecision 
faced by an investment analyst. Analytical solutions for all presented formulas were provided 
(Appendix B). This will allow investment practitioners and academics alike quick and easy ap-
plications of the models using spreadsheets or free open-source R software.

The introduced interval-valued fuzzy pay-off models, IV-POMs, for trapezoidal numbers are 
the most general forms of the fuzzy pay-off models considered in this paper. There are pub-
lished versions at least of the original FPOM (Collan et al, 2009), which allow various and even 
simulation-based distributions, but when considering only triangular and trapezoidal distri-
butions, we can note: The presented IV-POMs have as special cases the model of Borges et al. 
(2018; 2019) (cf. Equation 31), the original pay-off model of Collan et al. (2009) (cf. Equation 
33), the credibilistic pay-off model of Collan et al. (2012) (cf. Equation 32), as well as, the inter-
val-valued pay-off model of Mezei et al. (2018) for triangular fuzzy numbers (cf. Equation 33). 

The models were demonstrated to be applicable to M&A synergy evaluation showing CoG-
FPOM valuing synergy real options higher than the other two models in the optimistic case. 
The credibilistic model seemed the most stable of the three types. A further analysis over all 
(5-7) cases, is suggested to reveal more of the empirical properties of the presented models in 
different application domains, while this paper considered only two cases in the M&A context. 
The future plans of the authors include integrating the discussed models to a prototype deci-
sion support tool for evaluating M&A synergies and allowing simulations of the underlying 
variables to obtain the NPV pay-off distributions. 
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APPENDIX A. Weight computations 
A. Weights for trapezoidal fuzzy number 
For 𝐴𝐴(𝑎𝑎, 𝑏𝑏, ∝, 𝛽𝛽), we have:  

𝐴𝐴(𝑥𝑥) =

⎩
⎪
⎨

⎪
⎧ 1 −

")1
∝

1
						𝑎𝑎−∝	≤ 𝑥𝑥 ≤ 𝑎𝑎

𝑎𝑎 ≤ 𝑥𝑥 ≤ 𝑏𝑏

1 − 1)5
6

0
							𝑏𝑏 ≤ 𝑥𝑥 ≤ 𝑏𝑏 + 𝛽𝛽

𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒.

  

We compute the weight ∫
/(1)(1!

"
∫ /(1)(1!
#!

. 

(I) The denominator, the total area below the fuzzy number, becomes: 
𝐼𝐼(%'+P = ∫ 𝐴𝐴(𝑥𝑥)𝑑𝑑𝑥𝑥9

)9 =	 C5)C"3∝36
C

,   
            (A1) 

and it will be the same in all cases 1-5. 
(II) The numerator, the area under the positive side of the fuzzy number, ∫ 𝐴𝐴(𝑥𝑥)𝑑𝑑𝑥𝑥9

@ , will be 
different for each case 1-5. 
We compute 𝐼𝐼'QP = ∫ 𝐴𝐴K(𝑥𝑥)𝑑𝑑𝑥𝑥9

@  for each case 1-5: 
Case 1, 0 ≤ 𝑎𝑎−∝: 

𝐼𝐼'QP = C5)C"3∝36
C

,                                                                                                
(A2) 

and dividing by 𝐼𝐼(%'+P, the weight becomes: 

 𝑊𝑊𝑒𝑒𝑒𝑒𝑊𝑊ℎ𝑜𝑜? =
5)"31)∝3

1
)6

5)"31)∝3
1
)6

= 1.                                                                                   

(A3) 
Case 2,	𝑎𝑎−∝≤ 0 ≤ 𝑎𝑎: 

𝐼𝐼'QP = ∫ i1 − ")1
∝
j 𝑑𝑑𝑥𝑥 + ∫ 1𝑑𝑑𝑥𝑥 +5

"
"
@ ∫ i1 − 1)5

6
j 𝑑𝑑𝑥𝑥536

5   

= ∫ i1 − "
∝
+ 1

∝
j 𝑑𝑑𝑥𝑥 + 𝑥𝑥|"5 +

"
@ ∫ i1 − 1

6
+ 5

6
j 𝑑𝑑𝑥𝑥536

5   

= 𝑥𝑥 − "1
∝
+ 1)

C∝
|@" + (𝑏𝑏 − 𝑎𝑎) + (𝑥𝑥 − 1)

C6
+ 51

6
)|5

536   

= 𝑎𝑎 − ")

∝
+ ")

C∝
+ 𝑏𝑏 − 𝑎𝑎 + 𝑏𝑏 + 𝛽𝛽 − 𝑏𝑏 − (536))

C6
+ 5

6
(𝑏𝑏 + 𝛽𝛽 − 𝑏𝑏)  

= − ")

C∝
+ 𝑏𝑏 + 6

C
.                                                                                                              

(A4) 
and dividing by 𝐼𝐼(%'+P, the weight becomes: 

 𝑊𝑊𝑒𝑒𝑒𝑒𝑊𝑊ℎ𝑜𝑜C =
)$

)

)∝353
(
)

5)"31)∝3
1
)6

=
)$

)

)∝353
(
)

5)"3,'()
.                                                                        

(A5) 
Case 3,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 

𝐼𝐼'QP = ∫ 1𝑑𝑑𝑥𝑥 +5
@ ∫ i1 − 1)5

6
j 𝑑𝑑𝑥𝑥536

5 = 𝑥𝑥|@5 + (𝑥𝑥 − 1)

C6
+ 51

6
)|5

536   

= 𝑏𝑏 + 𝛽𝛽 − (536)))5)

C6
+ 5

6
(𝑏𝑏 + 𝛽𝛽 − 𝑏𝑏) = 𝑏𝑏 + 6

C
.                                                        

(A6) 
and dividing by 𝐼𝐼(%'+P, the weight becomes: 

(A1)

(A2)

(A3)

(A4)

(A5)

(A6)
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 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡; =
	53()

5)"31)∝3
1
)6

=
53()

5)"3,'()
.                                                                          

(A7) 
Case 4, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽: 

𝐼𝐼'QP = ∫ i1 − 1)5
6
j 𝑑𝑑𝑑𝑑536

@ = (𝑑𝑑 − 1)

C6
+ 51

6
)|5

536   

= 𝑏𝑏 + 𝛽𝛽 − (536))

C6
+ 5(536)

6
= 6

C
+ 𝑏𝑏 + 5)

C6
.                                                                   

(A8) 
and dividing by 𝐼𝐼(%'+P, the weight becomes: 

 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡D =
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)(

5)"31)∝3
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(A9) 
Case 5, 𝑏𝑏 + 𝛽𝛽 ≤ 0: 

𝐼𝐼'QP = 0 .                                                                                                                    
(A10) 

Thus,  𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡E = 0 .                                                                                                            
(A11) 
B. Weights for interval-valued trapezoidal fuzzy numbers 
For 𝐴𝐴K(𝑎𝑎, 𝑏𝑏, ∝?, 𝛽𝛽?), we have:  

𝐴𝐴K(𝑑𝑑) =

⎩
⎪
⎨

⎪
⎧ 1 −
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1
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1 − 1)5
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0
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For 𝐴𝐴J(𝑎𝑎, 𝑏𝑏, ∝C, 𝛽𝛽C), we have: 
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We compute the weight ∫
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 now for 7 cases. 

(I) The denominator, the total area below the fuzzy number, becomes (cf. Eq. (A1)): 
𝐼𝐼LM-(%'+P = ∫ 𝐴𝐴K(𝑑𝑑)𝑑𝑑𝑑𝑑9

)9 + ∫ 𝐴𝐴J(𝑑𝑑)𝑑𝑑𝑑𝑑9
)9   

=	 C5)C"3∝1361
C

+ C5)C"3∝)36)
C

= 2𝑏𝑏 − 2𝑎𝑎 + ∝13	∝)36136)
C

,                                  (A12) 
and it will be the same in all cases 1-7. 
(II) The numerator, the area under the positive side of the fuzzy number, ∫ 𝐴𝐴K(𝑑𝑑)𝑑𝑑𝑑𝑑9

@ +
∫ 𝐴𝐴J(𝑑𝑑)𝑑𝑑𝑑𝑑9
@ , will be different for each case 1-7. 

We compute 𝐼𝐼?-LM-num = ∫ 𝐴𝐴K(𝑑𝑑)𝑑𝑑𝑑𝑑9
@  and 𝐼𝐼C-LM-num = ∫ 𝐴𝐴J(𝑑𝑑)𝑑𝑑𝑑𝑑9

@  for each case 1-7: 
Case 1, 0 ≤ 𝑎𝑎 −∝? (and 0 ≤ 𝑎𝑎 −∝C): 
For 𝐴𝐴K, ∝? and 𝛽𝛽?, and for 𝐴𝐴J, ∝C and 𝛽𝛽C, are plugged into Equation (A2): 

𝐼𝐼?-LM-num = C5)C"3∝1361
C

= 𝑏𝑏 − 𝑎𝑎 + ∝1361
C

, and                                                         
(A13) 
𝐼𝐼C-LM-num = C5)C"3∝)36)

C
= 	𝑏𝑏 − 𝑎𝑎 + ∝)36)

C
.                                                                

(A14) 

(A7)

(A8)

(A9)

(A10)

(A11)

(A12)

(A13)

(A14)
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Summing up Eq. (A13) and (A14), i.e.  𝐼𝐼LM-num = 𝐼𝐼?-LM-num + 𝐼𝐼C-LM-num and dividing by 𝐼𝐼(%'+P 
from Eq. (A12), the weight becomes: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡? =
LAB-num

LAB-GHIJK
=

A5)"3∝1'(1) B3A	5)"3∝)'()) B

C5)C"3∝1'	∝)'(1'())

  

=
C5)C"3∝1'	∝)'(1'())

C5)C"3∝1'	∝)'(1'())

= 1 .                                                                                        

(A15) 
Case 2,	𝑎𝑎 −∝?≤ 0 ≤ 𝑎𝑎 −∝C: 
For 𝐴𝐴K, ∝? and 𝛽𝛽?, are plugged into Eq. (A4) and for 𝐴𝐴J, ∝C and 𝛽𝛽C, are plugged into Eq. 
(A2): 

𝐼𝐼?-LM-num = − ")

C∝1
+ 𝑏𝑏 + 61

C
, and                                                                              (A16) 

𝐼𝐼C-LM-num = C5)C"3∝)36)
C

= 	𝑏𝑏 − 𝑎𝑎 + ∝)36)
C

.                                                                
(A17) 

Summing up Eq. (A16) and (A17) to get 𝐼𝐼LM-num and dividing by 𝐼𝐼(%'+P from Eq. (A12), the 
weight becomes: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡C =
W) $)

)∝1
353(1) X3A5)"3∝)'()) B

C5)C"3∝1'	∝)'(1'())

=
W) $)

)∝1
3)&) 3

(1
) X3A)&#)$) 3∝)'()) B

C5)C"3∝1'	∝)'(1'())

  

=
) $)

)∝1
32&#)$'(1'∝)'())

C5)C"3∝1'	∝)'(1'())

.                                                                                               

(A18) 
Case 3,	𝑎𝑎 −∝C≤ 0 ≤ 𝑎𝑎: 
For 𝐴𝐴K, ∝? and 𝛽𝛽?, and for 𝐴𝐴J, ∝C and 𝛽𝛽C, are plugged into Eq. (A4): 

𝐼𝐼?-LM-num = − ")

C∝1
+ 𝑏𝑏 + 61

C
, and                                                                              (A19) 

𝐼𝐼C-LM-num = − ")

C∝)
+ 𝑏𝑏 + 6)

C
.                                                                                       

(A20) 
Summing up Eq. (A19) and (A20) to get 𝐼𝐼LM-num and dividing by 𝐼𝐼(%'+P from Eq. (A12), the 
weight becomes: 
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W) $)

)∝1
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=
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) A 1
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3 1
∝)

B

C5)C"3∝1'	∝)'(1'())

.            

         (A21)                    
Case 4,	𝑎𝑎 ≤ 0 ≤ 𝑏𝑏: 
For 𝐴𝐴K, ∝? and 𝛽𝛽?, are plugged into and for 𝐴𝐴J, ∝C and 𝛽𝛽C, are plugged into Eq. (A6): 

𝐼𝐼?-LM-num = 𝑏𝑏 + 61
C

, and                                                                                            (A22) 

𝐼𝐼C-LM-num = 𝑏𝑏 + 6)
C

.                                                                                                     
(A23) 

Summing up Eq. (A22) and (A23) to get 𝐼𝐼LM-num and dividing by 𝐼𝐼(%'+P from Eq. (A12), the 
weight becomes: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡D =
(53(1) )3(53()) )	

C5)C"3∝1'	∝)'(1'())

=
C53(1'()) 	

C5)C"3∝1'	∝)'(1'())

.                                                          

(A24) 
Case 5, 𝑏𝑏 ≤ 0 ≤ 𝑏𝑏 + 𝛽𝛽C (and 0 ≤ 𝑏𝑏 + 𝛽𝛽?): 
For 𝐴𝐴K, ∝? and 𝛽𝛽?, are plugged into and for 𝐴𝐴J, ∝C and 𝛽𝛽C, are plugged into Eq. (A8): 

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)
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𝐼𝐼?-LM-num = 61
C
+ 𝑏𝑏 + 5)

C61
, and                                                                                  (A25) 

𝐼𝐼C-LM-num = 6)
C
+ 𝑏𝑏 + 5)

C6)
.                                                                                                   

(A26) 
Summing up Eq. (A25) and (A26) to get 𝐼𝐼LM-num and dividing by 𝐼𝐼(%'+P from Eq. (A12), the 
weight becomes: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡E =
((1) 353 &)

)(1
)3(()) 353 &)
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=
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) 3C53	&
)

) ( 1(1
3 1
()

)

C5)C"3∝1'	∝)'(1'())

.                                                          

(A27) 
Case 6, 𝑏𝑏+𝛽𝛽C ≤ 0 (but  𝑏𝑏+𝛽𝛽? ≥ 0): 
For 𝐴𝐴K, ∝? and 𝛽𝛽?, are plugged into Eq. (A8) and for 𝐴𝐴J, ∝C and 𝛽𝛽C, are plugged into Eq. 
(A10): 

𝐼𝐼?-LM-num = 61
C
+ 𝑏𝑏 + 5)

C61
, and                                                                                  (A28) 

𝐼𝐼C-LM-num = 0.                                                                                                           (A29) 
Summing up Eq. (A28) and (A29) to get 𝐼𝐼LM-num and dividing by 𝐼𝐼(%'+P from Eq. (A12), the 
weight becomes: 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡> =
(1
) 353 &)

)(1
	

C5)C"3∝1'	∝)'(1'())

.                                                                                          (A30) 

Case 7, 𝑏𝑏+𝛽𝛽? ≤ 0 (and 𝑏𝑏+𝛽𝛽C ≤ 0): 
For 𝐴𝐴K, ∝? and 𝛽𝛽?, and for 𝐴𝐴J, ∝C and 𝛽𝛽C, are plugged into Eq. (A10): 

𝐼𝐼?-LM-num = 0, and                                                                                                    (A31) 
𝐼𝐼C-LM-num = 0.                                                                                                           (A32) 

Summing up zeros to get 𝐼𝐼LM-num  and dividing by 𝐼𝐼(%'+P  from Eq. (A12), the weight 
becomes: 
𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡N = 0 .                                                                                                                        
(A33) 
  

(A25)

(A26)

(A27)

(A28)

(A29)

(A30)

(A31)
(A32)

(A33)
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APPENDIX B. Formulas for interval-valued real option values1 
 

 CoG-FPOM Cred-POM FPOM 
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Abstract
Phasing construction projects is an interesting possibility that has received only limited at-
tention in the academic literature, especially the quantification of benefits from phasing and 
the effect phasing has on project risk have not been fully explored. This paper presents two 
approaches to analyze the effects of phasing in the context of construction projects: a sim-
ple fuzzy logic-based method for preliminary analyses and a system dynamic simulation-ap-
proach for deeper analysis with timing. Both approaches are illustrated with a numerical ex-
ample case. The presented results are new in academic literature and of practical relevance to 
managers and investors working with construction projects.  
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1. Introduction
Phasing, also known as staging, means splitting a large investment into smaller parts and in-
vesting one stage at a time. Phasing typically limits the downside risk of uncertain investments, 
because it gives the investment owner the option to decide whether to continue, to wait and 
see, or to abandon the investment altogether after each investment stage. The decision to con-
tinue is typically made based on how well the previous stage of the investment has fared and 
on the forecasted future. An alternative to phasing investments is to make investments without 
phasing that is, to make a single-shot investment decision to fund a (potentially multi-phase) 
project completely at once. When an investment decision is made, it makes sense to find out 
before investment which one of the two investment strategies is better. This is something that 
is typically not always done and hence the issue is non-trivial, even if it would seem to be so. In 
many cases phasing an investment will change the expected profitability and the risk charac-
teristics of the investment – when the profitability and the risk characteristics change for the 
better, phasing should be the way to go.  

Phasing is a commonly used practice in the field of research and development, where un-
certain investments are often split into phases (Herat & Park, 2007); (Pennings & Lint, 2000) 
(Brandao, Fernandes, & Dyer, 2018; Pennings & Sereno, 2011). Industrial and infrastructure 
investments with uncertain demand, or uncertain future prices, are also often built-in phases 
(Ashuri, Lu, & Kashani, 2011; Cardin, Zhang, & Nuttall, 2017; Lawryshyn & Jaimungal, 2014). In 
this research we are interested in phasing within the context of construction project investments 
and more specifically in quantifying the effect phasing has on the expected value and the risk-pro-
file of individual construction projects. The main question that we pose is: “how much is the 
possibility to phase a construction project worth?” and the logic we apply to answer this ques-
tion can be simply formulated as:

This is a well-known logic to study the value of real options in general. Real options are flexibil-
ity found in real-world investments, such as the option to phase the construction of a real es-
tate investment that we are interested in here. There is a wide literature in place that discusses 
the theory and practice of real option analysis (ROA) and real option valuation (ROV) see, e.g., 
(Trigeorgis, 1995, 1996). But the literature on phasing in the context of real estate investments is 
rather scarce. Guma and others (Guma, 2008; Guma, Pearson, Wittels, de Neufville, & Geltner, 
2009) point out that the valuation of phasing real estate development is a difficult problem 
from a modeling perspective because the valuation situation is context-dependent as the value 
of the construction investment and the possibility to phase depend on who is making the in-
vestment. This means that available information is also most often normative and a lot of the 
available information comes from experts. Guma and others also observe that the put-call par-
ity does not hold for options to phase corporate real estate development.

We present how two methods, the pay-off method and system dynamic modeling with sim-
ulation, can be applied in the quantification of benefits from phasing. The pay-off method is 
a robust real option valuation method usable in situations, where limited and imprecise in-
formation is available and it is suitable for initial “quick and dirty” analyses also when better 
information is available. 

[Value of phasing]=
[Project value with phasing]  – [Project value without phasing] (1)
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System dynamic modeling (Forrester, 1958, 1961)  requires good knowledge of the problem 
structure and precise information about the uncertainties involved. When such information is 
available and a realistic system-model has been constructed, the results that can be generated 
through simulation can be quite precise and may also include information on the optimal tim-
ing of actions. System dynamic modeling and simulation can be said to be a deeper form of 
analysis than what can be achieved with the pay-off method in this context. Figure 1 illustrates 
the positioning and the focus of this research with the two methods used.

Fig 1. The positioning and focus of this research 

The rest of this paper is structured as follows. The following Section 2 presents the results of 
a literature study on phasing in the context of real estate. Section 3 shortly presents the pay-
off method and system dynamic simulation method Section 4 the numerical illustrations on 
how the effect of phasing can be quantified with the chosen two methods. Finally, the paper is 
closed with a summary and conclusions are drawn.

2. The literature on the value of phasing in the context of real estate 
projects 
To study the previous academic literature on the focus area of this research, we executed a 
literature search from the SCOPUS academic literature database until the year 2018, with the 
search string “phasing AND construction”, which returned 395 documents and with the string 
“staging AND construction” that resulted in 967 documents. The searches were conducted on 
the title, abstract, and keywords. Of these hits, only a handful are in any way relevant to the 
focus area of this research. 

The relevant research articles discuss phasing in the context of construction technology, 
or the usability of facilities, while they are being renovated or extended, e.g., the effects of 
phasing to users or clients of public transport facilities under renewal (Fraser, Seel, Chadwick, 
Valambhia, & Offiler, 2012; Grigoryan, Jablonski, & Haase, 2015), the continuation of operations 
of ports, while they are being constructed (Jacob, Nye, McCollough, & Reid, 2004; McNeal & 
Miller, 2004), and hospital operations during renovation (Cox, 1986; DeMuth Jr., 1980). Berends 
and Dhillon (Berends & Dhillon, 2004). There are also a limited number of articles that discuss 
limiting construction cost-related risks by utilizing phasing (Couto & Ericson, 2017; Creaco, 
Franchini, & Walski, 2016; Knoles, 2016), these are all construction technology-oriented.
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To not leave out possibly relevant literature, a further search from SCOPUS until the year 
2018, with the strings “staging AND option” and “phasing AND option” were made, where the 
subject areas were narrowed down to include “engineering”, “environmental science”, “social 
sciences”, “energy”, “economics, econometrics, and finance”, “business, management, and ac-
counting”, “multidisciplinary”, “decision sciences”, and “undefined”. These returned 276 and 
143 hits respectively. Scanning the results lead to finding five relevant articles that were not 
captured by the first searches.

Guma and others (Guma, et al., 2009) discuss vertical phasing of construction projects, 
in other words, the possibility to allow for high rise construction projects to be phased. They 
illustrate the benefits of vertical phasing by using a number of real-world cases and make a 
strong case for the importance of considering phasing as an alternative when decisions about 
construction investments are made. 

Ott and others (Ott, Hughen, & Read, 2012) present a model for the analysis of phasing of 
residential housing development projects from the points of view of phasing development and 
of phasing the sales of the constructed of inventory. They observe that phasing decisions are 
important for the profitability of residential housing development projects, and that optimal 
production- (construction) strategies are expected to vary depending on specific factors sur-
rounding each development project. Gemson and Annamalai (Gemson & Annamalai, 2015) 
discuss the staging of infrastructure investments and focus on projects financed by private eq-
uity companies with over 350 real-world examples – although relevant, the article concentrates 
on financial risk management issues. Tang and Wang (Tang & Wang, 2017) discuss the effect of 
incomplete information on real estate development and show that under incomplete informa-
tion phasing may speed real estate development. The above three articles all discuss the effect 
of phasing in aggregate terms.

The latest relevant article found in the literature search that discusses the effect of phasing 
from the point of view of an individual construction project is by Mintah and others from 2018 
(Mintah, Higgins, Callanan, & Wakefield, 2018). The paper presents a case study to illustrate 
how the effects of staging in construction projects can be studied by using the pay-off method 
as a tool for quantification. 

The literature study shows that the literature on phasing in the context of construction 
projects is not wide and that there are only a few instances, where practical quantifications of 
the effects of phasing are analyzed. 

3. Analysis methods used 
Profitability analysis and valuation should be conducted with methods that fit the type of in-
formation available and the type of uncertainty that affects the project in question  (M. Collan, 
Haahtela, & Kyläheiko, 2016). In the case of phasing real estate construction, we assume that 
the type of uncertainty facing the decision-makers is parametric (Kyläheiko, 1995; Langlois, 
1984) and allows for the use of methods that require knowledge of the problem structure, 
while estimation of the parameter values is an issue of subjective beliefs, this is also backed up 
by the observations made by Guma and others (Guma, et al., 2009).

Investment analysis methods that are usable under parametric uncertainty include the 
most commonly used profitability analysis method, the net present value (NPV) method, 
many simulation-based investment analysis methods, and fuzzy investment profitability anal-
ysis methods (M. Collan, et al., 2016). Because of the observed method-problem fit, the pay-off 
method and system dynamic model-based simulation are adopted as the methods to be used.
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3.1. Pay-off method
The pay-off method (or the fuzzy pay-off method) (Collan, 2012; Collan et al., 2009) is based 
on an idea of creating a net present value (NPV) distribution by combining information from 
multiple managerially generated cash-flow scenarios for which the NPV is calculated. The sce-
nario-NPVs are used in the creation of a distribution that is called the pay-off distribution and 
that is treated as a fuzzy number. In this research, we create and compare pay-off distributions 
for construction investments with and without phasing. In the construction of the pay-off dis-
tributions we refer to (Collan et al., 2009) and observe that in this context the distribution 
construction will include the following steps:

i. we ask managers to provide three cash-flow scenarios “maximum possible” (everything 
goes as well as possible), “minimum possible” (everything goes as poorly as possible), and 
“best guess” (estimate of the most likely outcome) for both situations, when a construc-
tion investment is done as a single investment (all at once) and when the same investment 
is done in two stages

ii. we calculate the net present value for each of the three cash-flow scenarios by first dis-
counting each cash-flow to present value and then by summing them up

iii. we observe that the best guess scenario NPV is the most likely one and assign it full mem-
bership in the set of possible NPV outcomes (assign a high point of the distribution) 

iv. we conclude that the “maximum possible” and the “minimum possible” scenario NPVs 
are the upper and lower bounds of the NPV distribution – higher or lower NPVs are not 
considered

v. we assume that the shape of the pay-off distributions is triangular (when we use three sce-
narios we get a triangular shape distribution) and that it is sufficient for the purposes of this 
(quick and dirty) evaluation.

vi. for any calculation purposes, the created triangular NPV distributions are treated as fuzzy 
numbers 

Triangular fuzzy numbers are defined as: 
Definition 1. A fuzzy set A is called triangular fuzzy number with peak (or center) a, left 

width α > 0 and right width β > 0 if its membership function has the following form

and we use notation A=(a,𝛼,β). For a more detailed illustration, please see for example (Collan 
et al., 2009). Figure 2 shows a triangular fuzzy number, where point “a” represent the “best 
guess” NPV that has full membership in the set of possible NPVs and points “a-𝛼” and “a+ β” 
represent the “minimum possible” and “maximum possible” NPVs respectively.
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and points “a-	D” and “a+ β” represent the “minimum possible” 

and “maximum possible” NPVs respectively. 

 
Fig 2. A triangular fuzzy number. Note: “α” is the distance 

between “a” and “a-α”, and “β” the distance between a and “a+ β”. 

 

Constructing pay-off distributions for both non-staged and staged 

construction alternatives and calculating a set of descriptive 

numbers for both cases gives us intuitively understandable 

graphical and numerical information about the profitability 
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Fig 2. A triangular fuzzy number. Note: “α” is the distance between “a” and “a-α”, and “β” the distance between a 
and “a+ β”.

Constructing pay-off distributions for both non-staged and staged construction alternatives 
and calculating a set of descriptive numbers for both cases gives us intuitively understandable 
graphical and numerical information about the profitability outcomes of the two strategies 
and the connected risk levels. The pay-off method has been also previously used in the analysis 
of construction investments, see (Mintah, et al., 2018; Vimpari, Kajander, & Junnila, 2014). 

3.2. System dynamic model-based simulation
Model-based simulation is a method that is based on constructing a model that resembles the 
reality of the studied phenomenon, in this case, the reality of a construction investment that is 
then used with simulation to study the effect different inputs into the model have on the out-
come. As a result, one is left with a distribution of possible outcomes from the model (and the 
phenomenon that it depicts) that includes also information about the frequency of different 
possible outcomes taking place. Typically the outcome is treated as a probability distribution 
of the outcomes. When a system dynamic (SD) (Forrester, 1958) model is used, one is able to 
take into consideration the internal interactions within the phenomenon, such as feedback 
loops, accumulation processes, and delays. 

Fig 3. Blueprint of the SD-model used. 
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Simulations based on SD models have been used previously in many industries to analyze invest-
ments, examples include such fields as petroleum (Johnson et al., 2006), electricity production 
(Adetona, Salawu, & Okafor, 2013), and metals mining (O´Regan & Moles, 2001, 2006; Savola-
inen, Collan, & Luukka, 2016). This paper extends the use of SD models into the construction 
industry. The details of the SD model constructed for the purposes of this research can be found 
in Appendix 2 and a higher level blueprint of the model is visible in Figure 3.

The model used consists of three interconnected sub-models, “Decision and construction”, 
“Revenue generation”, and “Valuation” and has been built by using Matlab Simulink. The model 
can accommodate both, situations where the construction is done in phases, and when the 
construction is done all at once. Monte Carlo type pseudo-random simulations are run for both 
cases to value them. During a simulation run the SD-model changes its behavior on the basis 
of how the simulated uncertainties unfold. For example, if the simulated market conditions in 
the phased-investment case turn out to be positive, the model will trigger the start of the con-
struction of the second phase automatically. If we can estimate future cash-flows reliably, then 
a system dynamic model 

4. Numerical illustrations
Underlying the numerical illustrations we have a construction project case, where we assume 
that we are making an investment to a construction project with a “build and lease” business 
model of a 10000 m2 office complex. We have to make a decision of whether to choose a strat-
egy where we build the project at once or a strategy, where we phase the construction project 
into two equally large 5000 m2 construction phases. The total nominal construction costs are 
assumed to 15% higher in the two-phase construction strategy and that they are equally divided 
between the two phases.

We assume that the project has two sources of revenues, 70% of the rented spaces consist 
of long term leases and 30% of short term leases. The long term leases are assumed to be ten-
year contracts and to create a stable revenue with a low risk (of having unoccupied spaces and 
no revenue), while the short term leases are a minimum one-year contracts that command a 
10% higher rental income per square meter but are more likely to cause empty periods between 
tenants. The rent is assumed to have a 3% annual growth (trend). In the quick and dirty analysis 
illustration, we assume that the possible second phase will start in the beginning of year 5, no al-
ternative starting times are considered. In the system dynamic simulation analysis, we randomly 
draw the yearly used values for uncertain variables from triangular distributions constructed 
by using minimum, maximum, and best estimate values and use a mean-reverting process to 
generate a yearly utilization rate for the spaces.

4.1. Illustration 1: Quick and dirty pay-off method analysis
The analysis with the pay-off method starts with eliciting cash-flow estimates and timing in-
formation for the project from experts in three scenarios for both, costs and revenues, and for 
both construction strategies. Based on practical experience, in addition to eliciting the best esti-
mate cash-flows and timing information, we highlight the use of the terms “maximum possible 
(max)” and “minimum possible (min)” in eliciting the extreme scenario estimates, because they 
clearly convey information about the scenarios needed really being the extreme scenarios. The 
collected cash-flow information can be seen in Appendix 1.

It needs to be observed that in the maximum possible scenario the construction costs are 
counted according to the lowest possible costs and with the best possible realization schedule, 
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and they coincide with the maximum possible rental income – the opposite applies for the 
minimum possible scenario. This is a so-called min-max approach of constructing the cash-
flow scenarios. Detailed information about how the cash-flows are modeled and about the 
construction schedules is presented in Appendix 2

After having the cash-flow and the timing information for the costs and the revenues, the 
present value for the cash-flows is calculated and summed up and the net present value for all 
three scenarios is calculated. NPV calculation requires the assessment of the costs’ and rev-
enues’ risk levels for the derivation of proper discount rates. It is our position that separate 
discount rates for each different major cost and revenue factor should be used, because the 
risk levels are different, and using a single discount rate is not a necessary simplification. The 
different discount rates used here are a discount rate of 4% is used for the costs and a discount 
rate of 9% is used for revenues – these numbers are derived for the purposes of this example, 
but they underline the fact that the risks connected to costs (that managers can typically at 
least partially control) and to the revenues (controlled by markets) are different and that that 
difference should be reflected. The discounting is visible in Appendix 1. Separate and different 
discount rates could be used for the short term and the long term leases, and there could be a 
finer division of components inside the revenue and cost cash-flows used.

In the maximum possible scenarios, we have assumed that there are no cost over-runs, or 
time table problems and thus the construction is finished according to the schedule and the 
revenues start to accrue faster than in the two other cases, where the construction is finished 
late. A visual presentation of the cumulative net present values for both construction strate-
gies´ “profiles” are visualized in Figure 4.

Fig 4. Cumulative NPV for the non-phased (left) and the phased (right) construction strategies

From the figure, one can see how the present value cumulates differently in the three different 
scenarios and how the cumulated present value rises over zero profitability at different times. 
The time when the cumulative present value curve reaches zero profitability is the investment 
payback period in terms of present value. The distance between the three scenarios for the two 
strategies indicates the range of possible outcomes and is a proxy for risk. The visualization 
shows that the profiles of the two strategies are different in terms of how deep below zero 
profitability the alternatives dive at maximum, it is clear that phasing is a lower risk alternative 
from the point of maximum possible loss. In realistic circumstances it would be likely that one 
would not want to construct a second phase if the markets had evolved according to the mini-
mum possible scenario, the cumulated cash-flows for this case are visible in Figure 5.
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Fig 5. Cumulative NPV for the phasing strategy with no second phase built

When the NPV figures have been calculated for the three scenarios for both construction strat-
egies the triangular pay-off distributions are created according to what is described above. The 
pay-off distributions for the two investment alternatives are visible in Figure 6. From the figure, 
one can intuitively understand that the expected outcomes from the two-phase strategy are 
“lower” than those of the one phase strategy and that the expected outcomes from the two-
phase strategy, where the second phase is not started they are more “tightly packed together” 
indicating a smaller variance in the expected outcomes. The minimum possible outcome for 
the two-phase strategy without starting the second phase is the least and indicates that in the 
worst case one is considerably better off with not going forward with the two-phase strategy. 
The maximum possible outcome of the one-phase strategy is clearly higher than that of the 
two-phase strategy however both are clearly positive.

Fig 6. Pay-off distributions for the two investment strategies with the mean NPV (dashed line). 

Descriptive numbers are calculated to further support the understanding of the differences 
between the two construction strategies. In addition to the three scenario NPVs we calculate 
the (possibilistic) mean NPV, a “risk factor”, and a “success factor” for both strategies. The risk 
factor indicates how widely the possible NPV outcomes are distributed around the mean and 
formally it is the possibilistic standard deviation of the pay-off distribution. The risk factor can 
also be given as a percentage in relation to the mean. For the calculation of possibilistic mean 
and possibilistic variance, we refer to Carlsson and Fullér (2001) and  Fullér and Majlender 
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(2003). The success factor is simply the percentage of the area of the pay-off distribution above 
the positive NPV outcomes, it is however not the same as the probability of a positive NPV 
outcome, one must remember that the pay-off distribution is a fuzzy number. The descriptive 
numbers are presented in Table 1.

Table 1. Descriptive numbers for the two strategies with absolute differences. Best of three underlined. Star indi-
cates where one phase strategy is better.

 STRATEGY STRATEGY STRATEGY DIFFERENCE DIFFERENCE 

 ONE PHASE TWO PHASES TWO PHASES 2 ONE - TWO ONE – TWO 2

Optimistic NPV 608 355 355 253* 253*

Best estimate NPV 140 142 142 2 2

Pessimistic NPV -136 -209 -34 73* 102

Mean NPV 172 119 148 53* 24*

“Risk factor” 152 115 80 37 72

“Risk factor, %” 88 % 97 % 54% N/A N/A

“Success factor” 91/100 78/100 98/100 13/100* 7/100

The difference between the value of two strategies is, in essence, the value of phasing. One can 
argue that the value of the phasing option is the difference between the mean NPV, or the best 
estimate NPV, of the project with the real option and without the real option, as observed in (1) 
above. In this case, the real option to phase does not seem to be very valuable by these meas-
ures, but phasing seems to have an effect on the risk profile of the project and may be found 
fitting to the risk preferences of risk-averse investors.

4.2 Illustration 2: Deeper analysis with system dynamic simulation model 
Analysis with a system dynamic simulation model starts with the construction of the model. 
This is typically a time-consuming step that requires rather detailed knowledge about the 
problem structure, the dynamics within the problem, and the external “outside forces” that 
affect the problem. The model used here and already shortly presented above, consists of three 
sub-models for the construction cost distribution and phasing, revenue accrual, and the val-
uation and profitability analysis of the project. Detailed flow diagram of the model used is 
presented in Appendix 2. It must be observed that the system dynamic model is not an attempt 
to match the modeling and the results of the pay-off method analysis, but a separate and inde-
pendent, but deeper-going analysis of the same problem. 

Parameters and parameter values used 
The input variables include the construction costs and their timing, the revenues from the 
short- and the long-term leases, and the timing of the revenue cash-flows. These are deter-
mined by setting minimum and maximum boundaries and a best-estimate value, which are 
used to create triangular distributions for the input variable values from which the simulation 
randomly draws the values used (in each simulation round). The input variables with their val-
ues are listed in Table 2 and serve for generating the cash-flow table for each simulation round. 



78

NJB Vol. 69 , No. 1 (Spring 2020) Mikael Collan and Jyrki Savolainen

Table 2: Uncertain-variable value estimates used to create triangular distributions for simulation

VARIABLE PESSIMISTIC MOST LIKELY OPTIMISTIC

Initial leases (total), kEUR/yr 168

Increment, %/yr 3.0

For one-phase investment    

Construction time, months 28 26 24

Construction cost, kEUR/yr 2 250 1 886 1 736

For two-phase investment    

Phase 1 constr. Time, months 14 13 12

Phase 1 constr. cost, kEUR 1 127 1 089 1 012

Phase 2 constr. time , months 13 12 11

Phase 2 constr. cost, kEUR 1 130 977 919

Here we assume that the construction cost is distributed evenly for the duration of the con-
struction - the construction timetable estimates used are the same that were used in the pay-off 
method, see Appendix 1 and 2 for details. The time-step used in the simulations is one month, 
as opposed to the one-year aggregates used in the pay-off method analysis. This means that for 
each time-step (month) the generated revenue values are recorded and used in the overall anal-
ysis at the end of the simulated period. Discount rates used are also the same, 9% for revenues 
and 4% for costs, but the discounting is done on a monthly basis. The ratio of rented spaces for 
short-term (ST) and long-term (LT) leases is assumed to be fixed at 30% and 70% of total space 
respectively and we further assume that there is no switching option to convert space reserved 
for long-term leasing to short-term purposes (and vice versa). 

We assume the demand of the short-term and the long-term leases to follow a mean-revert-
ing process so that both types of leases are modeled with a separate process, the mean reversion 
levels and the starting level of the demand for both types of leases are randomly drawn for 
each simulation round, details visible in Table 3. The volatility of the short term lease-prices is 
assumed to be higher (5.0%) than the volatility of the long-term leases (1.5%). The value of the 
MR-process is allowed to go above 100% capacity demand for both, the long-term and in the 
short-term leases, but the effective simulated revenue is capped at the actual physically availa-
ble space at each stage of the project. 
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Table 3: Modeling parameters.  When only a “most likely” value is given the parameter value is assumed to 
remain constant

MARKET UNCERTAINTY (SDE) UNIT PESSIMISTIC MOST LIKELY OPTIMISTIC

Rented LT-space (70% of total), t = 0 % rented 70 75 80

Rented ST-space (30% of total), t = 0 % rented 70 75 80

MR-level, LT1 (one phase) % rented 75 80 85

MR-level, LT2 (two phases) % rented 85 90 95

MR-level, ST % rented 68 75 81

Volatility, LT % - 1,5 -

Volatility, ST % - 5,0 -

Mean reversion speed, LT - (*) - 0,7 -

Mean reversion speed, ST - (*) - 1,0 -

(*): multiplier in SDE-equation

The choice of the processes used in the modeling affects the results – in the context of real 
estate, a “conservative” long-term behavior of the chosen mean-reverting process is in line with 
the reality of the business, where exceptionally high or low values are seldom encountered. We 
observe that using two independent mean-reverting processes to govern how the occupation 
rates evolve is a simplification of reality and a more realistic modeling is most likely possible. 
Such modeling is, however, left outside the scope of this paper.

Simulation setup
In our simulations, the construction of a second phase is (irreversibly) activated during the 
simulation only, if a pre-specified value of the tracked variable(s) T(t) is reached. Analytically, 
we can express this by using I(t) as a binary variable to show, whether the investment is trig-
gered (1), or not (0). When T(t) hits the specified threshold value, p, within a specified invest-
ment timing window of phase 2 (denoted as [k, (k+n)]):

(4)

For the purposes of illustration, the simulation model is run by using five alternative invest-
ment strategies. The benchmark strategy is the one-phase investment strategy, where the 
whole investment is made immediately and the “full” size construction is started at year zero 
– we call this “strategy 1”. The base-case for phased construction, “strategy 2”, is to start con-
struction the second part of the construction at year 5 (t=60) regardless of the market situation 
(initial analysis). 
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To test dynamic, market-demand–based strategies, the tracked variable, T(t), is defined as the 
12-month weighted average of long-term and short-term SDEs with 70% and 30% weights re-
spectively:

In “strategy 3” we assume that a second phase investment at a fixed point of time, t=60 (months), 
only if the T(t) is equal or greater than 0.85. For “strategy 4” the fixed point constraint is relaxed 
and is replaced by the timeframe t = [12, 60]. Using the equations (4) and (5) these strategies 
can be written as:

Finally, “strategy 5” is based on the assumption that a first phase investment is made, but that 
no second phase investment is made. 

One-variable sensitivity analyses (SA) are performed for strategies 2 and 4, where the fixed 
point of investment timing and threshold value (p ≥ T(t)) are varied. Table 4 summarizes the 
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phase regardless of the market situation (strategy 2). 

investment is made immediately and the “full” size construction is 

started at year zero – we call this “strategy 1”. The base-case for 

phased construction, “strategy 2”, is to start construction the 

second part of the construction at year 5 (t=60) regardless of the 

market situation (initial analysis).  

 

To test dynamic, market-demand–based strategies, the tracked 

variable, T(t), is defined as the 12-month weighted average of 

long-term and short-term SDEs with 70% and 30% weights 

respectively: 

 

T(K) = 0.7 ∗ ^
__(K)

12

&'()

*+&
+ 0.3 ∗ ^

__(K)

12

&'()

*+&
																											(5) 

        

In “strategy 3” we assume that a second phase investment at a 

fixed point of time, t=60 (months), only if the T(t) is equal or 

greater than 0.85. For “strategy 4” the fixed point constraint is 

relaxed and is replaced by the timeframe t = [12, 60]. Using the 

equations (4) and (5) these strategies can be written as: 

 

Q,-.!-/(K) =

	c	
1, ∀	d0.7 ∗ ∑

00(-)
()

&'()
*+& + 0.3 ∗ ∑ ,0(-)

()
&'()
*+& ≥ 0.85	 ∧ 	K = 60h

1, ∀	Q(K − 1) = 1
0, JKℎMNOAPM

 

  (6) 

 

investment is made immediately and the “full” size construction is 

started at year zero – we call this “strategy 1”. The base-case for 

phased construction, “strategy 2”, is to start construction the 

second part of the construction at year 5 (t=60) regardless of the 

market situation (initial analysis).  

 

To test dynamic, market-demand–based strategies, the tracked 

variable, T(t), is defined as the 12-month weighted average of 

long-term and short-term SDEs with 70% and 30% weights 

respectively: 

 

T(K) = 0.7 ∗ ^
__(K)

12

&'()

*+&
+ 0.3 ∗ ^

__(K)

12

&'()

*+&
																											(5) 

        

In “strategy 3” we assume that a second phase investment at a 

fixed point of time, t=60 (months), only if the T(t) is equal or 

greater than 0.85. For “strategy 4” the fixed point constraint is 

relaxed and is replaced by the timeframe t = [12, 60]. Using the 

equations (4) and (5) these strategies can be written as: 

 

Q,-.!-/(K) =

	c	
1, ∀	d0.7 ∗ ∑

00(-)
()

&'()
*+& + 0.3 ∗ ∑ ,0(-)

()
&'()
*+& ≥ 0.85	 ∧ 	K = 60h

1, ∀	Q(K − 1) = 1
0, JKℎMNOAPM

 

  (6) 

 
Q,-.!-3(K) =

	c	
1, ∀	d0.7 ∗ ∑

00(-)
()

&'()
*+& + 0.3 ∗ ∑ ,0(-)

()
&'()
*+& ≥ 0.85	 ∧ 	K ∈ [12, 60]h

1, ∀	Q(K − 1) = 1
0, JKℎMNOAPM

  (7) 

Finally, “strategy 5” is based on the assumption that a first phase 

investment is made, but that no second phase investment is made.  

 

One-variable sensitivity analyses (SA) are performed for strategies 

2 and 4, where the fixed point of investment timing and threshold 

value (p ≥ T(t)) are varied. Table 4 summarizes the simulation 

setting.  

 

Table 4. Summary of investment-strategies tested with the SD-

model.  

 
Nr Description of building strategy SA-parameter 

1 100% in the start - 

2 50% in the start and 50% at t = 60 months Time (t) 

3 50% in the start and 50% fixed at t = 60 months, if demand is high enough - 

4 50% in the start and 50% flexibly at t = 12 to 60 months, if demand is high enough Inv. threshold (p) 

5 50% in the start, no second phase - 

 

Simulation results 

 

A box-plot diagram of the results from the five strategies is visible 

in Figure 8. Out of all the simulated strategies, we can see that the 

build only 50% (strategy 5) yields the highest mean NPV and bears 

the lowest risk under the tested circumstances. Regarding the 



81

NJB Vol. 69 , No. 1 (Spring 2020) To Phase or Not to Phase: Quantifying the Effect of Phasing Construction 

Fig 8. Distribution of final NPVs from Monte Carlo random simulation of the system dynamic model using box-plot 
presentation (above) and histograms (below).  

Histograms presented in the lower part of Figure 8 show the distribution of the NPV for the five 
strategies. The obtained simulated results for strategies are displayed with descriptive numbers 
in Table 5. The presented “optimistic”, and “pessimistic” values represent average high and low 
cases such that the probability of higher or lower values is 1% - we observe that these are quite 
extreme values in terms of low likelihood. Success-factors presented are the probabilities of 
ending up with a positive NPV outcome, and the risk factor is the standard deviation of the 
results around the mean.   

Table 5. Comparison of simulated NPV for the five strategies, 1000 simulation rounds  

STRATEGY 1 2 3 4 5

Optimistic NPV(*) 313 206 312 312 324

Best estimate NPV 225 149 219 236 284

Pessimistic NPV(*) 134 92 119 152 237

Positive NPV Mean 225 149 219 240 284

Success factor, % 1.00 1.00 1.00 1.00 1.00

Risk factor, % 0.31 0.47 0.32 0.29 0.24

(*) with 1% probability
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What can be clearly seen is that the highest best-estimate NPV can be found from the strategy 
5, the strategy to build only the first phase of a two-phase construction. All strategies give a 
100% success factor, which means that according to the simulation there is no chance of losing 
money in terms of NPV in any of the strategies. This nevertheless does not negate the value of 
analyzing different strategies, as it is always better to capture a higher NPV than a lower one.  

Sensitivity analysis example for strategy 2
The two-phase investment strategies analyzed (strategies 2-4) are examples of possible strate-
gies and do not (and are not intended to) provide a complete analysis of all possible investment 
alternatives. In order to analyze the investment further, we present an example of a simplified 
sensitivity analysis for strategy 2. 

Figure 9. Sensitivity analysis of the two-phase construction strategy 2.

The sensitivity analysis is done by altering the timing of the “forced” second-phase construction 
between fourteen and sixty months, ceteris paribus, and running fifty rounds of simulation for 
each selected time to generate results. The results show that there is a decreasing project NPV as 
the investment decision is postponed. In fact, after postponing the construction of the second 
phase thirty months, the project NPV is lower than in the strategy to construct everything at 
once. This sensitivity analysis result shows that is can be dangerous to pre-set a date for starting 
expansion based on a guess – proper analysis helps understand the development of project 
value as a function of time. The sensitivity analysis results are visible in Figure 9.

5. Discussion and conclusions
This paper discusses the effect of phasing on the profitability and the risk associated with con-
struction investments. In uncertain times considering phasing as an alternative construction 
strategy clearly makes sense, since it allows the investor to limit the investment downside. Al-
though construction investments are very common, a short literature review uncovered that 

1-Phase Mean
225.46
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the topic has not received a lot of attention in the academic literature. 
In this research, we have shown how the effect of phasing on the value and the risk of con-

struction investments can be analyzed. We chose two methods that serve different purposes in 
this context, the pay-off method that is usable in “quick and dirty”-analysis for fast exploration 
and system-dynamic simulation-analysis that is able to provide more deep-going analyses, 
including information about convenient investment timing. Both methods have a good fit 
with the information typically available when construction project investments are analyzed. 
The use of the chosen methods was illustrated with a construction investment case, for which 
strategies of constructing in one phase and two phases were illustrated. The cases used are 
not comparable, because the system-dynamic modeling is richer that it allows for much more 
detailed modeling of reality.

The numerical illustration with the pay-off method shows that the method is suitable for 
the fast analysis of the effects of phasing on construction investments, when (a set of) sec-
ond-phase starting times can be estimated. The results can be easily visualized, which makes 
them intuitively understandable. We have shown how the visual results can be supported 
with selected descriptive numbers that quantify different aspects of the alternative construc-
tion strategies to further support decision-making. By calculating the difference between the 
expected mean NPV of the alternative strategies, with and without phasing, a representative 
value for the real option to phase the investment can be calculated. It is shown that the pay-off 
method is a simple and usable tool in the chosen context and we note that analyses with the 
method can be fully supported with the most commonly used spreadsheet software.

The numerical illustration of using a system-dynamic model to analyze construction in-
vestments shows that system-dynamic simulation is a suitable method for the task. The benefit 
of using a system dynamic method is that it allows for finding the optimal investment time for 
the second phase investment if a two-phase strategy is selected, and clearly shows whether it 
makes sense to invest in phases in the first place. The model presented is simplistic and many 
structures in the model can be taken further to even more accurately reflect the dynamics of 
the rental markets and the complexity found in, for example, rental contracts. 

Future research directions include presenting real-world construction investment analy-
sis-cases to validate and enrich the models used and investigating whether the models pre-
sented are usable also in practice. 

As a final thought and reflecting on the above, we want to say that numerical analysis and 
consideration of phasing construction as a tool to mitigate risk and to optimize value in con-
struction add to the professionalism of the trade.
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Building Strategy 1: Build in one phase

Time (t) 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Cost Cashflows (in 100,000s)
maximum 385 495
best est. 400 550 50
minimum 450 525 175

PV of the cost rd= 4,00 %
maximum 385,00 475,96 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00
best est. 400,00 528,85 46,23 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00
minimum 450,00 504,81 161,80 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00

Revenue source 1: long term leases (in 100,000s)
maximum 0,00 20,19 124,76 128,50 132,36 136,33 140,42 144,63 148,97 153,44 158,04 162,79 167,67 172,70 177,88 183,22
best est. 0,00 0,00 93,57 96,38 99,27 102,25 105,32 108,47 111,73 115,08 118,53 122,09 125,75 129,52 133,41 137,41
minimum 0,00 0,00 60,82 83,53 86,03 88,61 91,27 101,24 104,28 107,41 110,63 113,95 117,37 120,89 124,52 128,25

Revenue source 2: shorter term leases (in 100,000s)
maximum 0,00 7,71 47,64 49,07 50,54 52,06 53,62 55,23 56,89 58,59 60,35 62,16 64,03 65,95 67,92 69,96
best est. 0,00 0,00 39,70 40,89 42,12 43,38 44,68 46,02 47,41 48,83 50,29 51,80 53,35 54,96 56,60 58,30
minimum 0,00 0,00 25,81 34,41 35,44 36,50 37,60 42,96 44,24 45,57 46,94 48,35 49,80 51,29 52,83 54,42

PV of the total positive wealth resulting from strategy 1 rd= 9,00 % (it is possible to use separate discount rates for each revenue source)
maximum 0,00 25,59 145,11 137,12 129,57 122,44 115,70 109,33 103,31 97,63 92,25 87,17 82,38 77,84 73,56 69,51
best est. 0,00 0,00 112,17 106,00 100,16 94,65 89,44 84,52 79,86 75,47 71,31 67,39 63,68 60,17 56,86 53,73
minimum 0,00 0,00 72,91 91,07 86,05 81,32 76,84 78,88 74,54 70,44 66,56 62,90 59,43 56,16 53,07 50,15

Net present value of Strategy 1: building in one phase Mean NPV for strategy 1
maximum 608 Mean NPV 172
best est. 140
minimum -136

Appendix 1: 
Cash-flow scenarios for building strategies 1 (no phasing) and 2 (with phasing). 
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Building Strategy 2: Build in two phases

Time (t) 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Cost Cashflows: phase 1 (in 100,000s)
maximum 513,5
best est. 526,25 27,5
minimum 600 68,75

Cost Cashflows: phase 2 (in 100,000s)
maximum 0 0 0 0 0 513,5 0 0 0 0 0 0 0 0 0 0
best est. 0 0 0 0 0 553,75 0 0 0 0 0 0 0 0 0 0
minimum 0 0 0 0 0 668,75 0 0 0 0 0 0 0 0 0 0
minimum 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

PV of the cost rd= 4,00 %
maximum 513,50 0,00 0,00 0,00 0,00 422,06 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00
best est. 526,25 26,44 0,00 0,00 0,00 455,14 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00
minimum 600,00 66,11 0,00 0,00 0,00 549,66 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00
minimum 2 600,00 66,11 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00 0,00

Revenue source 1: long term leases (in 100,000s)
maximum 0,00 60,56 62,38 64,25 66,18 68,17 140,42 144,63 148,97 153,44 158,04 162,79 167,67 172,70 177,88 183,22
best est. 0,00 45,42 56,14 57,83 59,56 61,35 126,38 130,17 134,07 138,10 142,24 146,51 150,90 155,43 160,09 164,90
minimum 0,00 28,26 49,90 51,40 52,94 54,53 112,34 115,71 119,18 122,75 126,44 130,23 134,14 138,16 142,30 146,57
minimum 2 0,00 28,26 49,90 51,40 52,94 54,53 56,17 57,85 59,59 61,38 63,22 65,11 67,07 69,08 71,15 73,29

Revenue source 2: shorter term leases (in 100,000s)
maximum 0,00 25,70 26,47 27,26 28,08 28,92 59,58 61,37 63,21 65,10 67,06 69,07 71,14 73,27 75,47 77,74
best est. 0,00 19,27 23,82 24,54 25,27 26,03 53,62 55,23 56,89 58,59 60,35 62,16 64,03 65,95 67,92 69,96
minimum 0,00 11,99 21,17 21,81 22,46 23,14 47,66 49,09 50,57 52,08 53,64 55,25 56,91 58,62 60,38 62,19
minimum 2 0,00 11,99 21,17 21,81 22,46 23,14 23,83 24,55 25,28 26,04 26,82 27,63 28,46 29,31 30,19 31,09

PV of the total positive wealth resulting from strategy 1 rd= 9,00 % (it is possible to use separate discount rates for each revenue source)
maximum 0 79 75 71 67 63 119 113 106 101 95 90 85 80 76 72
best est. 0 59 67 64 60 57 107 101 96 91 86 81 76 72 68 64
minimum 0 37 60 57 53 50 95 90 85 80 76 72 68 64 61 57
minimum 2 0 37 60 57 53 50 48 45 43 40 38 36 34 32 30 29

Net present value of Strategy 2: building in two phases Mean NPV for strategy 2
maximum 355 Mean NPV 119
best est. 142 Mean NPV with minimum2 148
minimum -209
minimum 2 -34
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Appendix 2: 
Cash-flow calculation details

PAY-OFF METHOD CALCULATION DETAILS STRATEGY 1:  
ONE PHASE

STRATEGY 2:  
TWO PHASES

Size of the project in m2 10000 5000+5000

Rent at year 0, per m2 14,00 14,00

Rent multiplicator for short term lease 1,1 1,1

Increase of rent per year 3% 3%

Ratio of rented space long term / short term 70% / 30% 70% / 30%

Average empty space per year for short term leases 10% 10%

Maximum scenario average rented space of total 90% 100%

Best estimate scenario average rented space of total 75% 90%

Minimum scenario average rented space of total y0-y6 65%;  y7-y15 70% 80%

Total nominal cost of construction, index / absolute 100 115 (divided 50%/50%)

Maximum scenario 1st year of revenues / months of Year 1 / 2 months Year 1 / 12 months

Best estimate scenario 1st year of revenues / months of Year 2 / 12 months Year 1 / 10 months

Minimum scenario 1st year of revenues / months of Year 2 / 9 months Year 1 / 7 months

Second phase start year of revenues / months of - Year 6 / 12 months 
(all scenarios)
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Appendix 3. 
Function block diagram of system dynamic simulation model created in Matlab Simulink®.
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Fig A4. Cumulative NPV for one phase and three alternative two-phase strategies, statistical values of 1000 simulations. 

Appendix 4. 
Development of NPV as a function of time.
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